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Abstract

From warehouses and manufacturing lines to homes and offices, from roads and
seas, to skies and space, autonomous systems promise to improve efficiency, unlock
human potential, and explore new frontiers. Many autonomous systems already
make decisions that impact our everyday lives. As technology continues to develop
and the cost of compute continues to decrease, autonomous systems will continue
integrating into society. However, a unifying necessity for safety-critical systems to
deploy autonomously in the real world is the need to be able to reason about their
environments and make good decisions to satisfy their objectives.

For autonomous systems to be deployed successfully, it often does not suffice to
plan deterministically, that is, assuming that everything will ‘go as planned‘ against
a single string of outcomes. Rather, agents must reason about the uncertainty that
can arise, either from inexact actuation or sensing, imperfect information, unclear
objectives, unknown motives of other participants, or complex environments. These
sources of uncertainty can significantly complicate autonomous decision-making
and can ultimately lead to catastrophic errors. By explicitly reasoning about these
sources of uncertainty, this thesis introduces new methods for planning safely
against them.

First, this thesis investigates methods that use data to overcome uncertainty
in action outcomes and agent objectives. Specifically, we consider using human
driving demonstrations alongside simulators to overcome objective uncertainty for
autonomous driving in complex urban environments. Previous approaches that
used simulators to help imitate human driving were typically limited to relatively
simple scenarios. We introduce Safety-Aware Hierarchical Adversarial Imitation
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Learning (SHAIL), a method that scales safety-critical data-driven decision-making
to complex problems through reliance on hierarchical decomposition and safety
predictions. After building a simulator to test counterfactuals of real-world driving
decisions, we demonstrate empirically that SHAIL can improve safety compared to
other data-driven decision-making methods, especially in unseen driving scenarios.

Next, we turn to safe planning under outcome and state uncertainty when
models for those uncertainties are known a priori. Here, we impose safety through
constraints on agent plans, modeling problems as constrained partially observable
Markov decision processes (CPOMDPs). Approximate CPOMDP solutions are
typically limited to small, discrete actions and observation spaces. We introduce
algorithms that extend online search-based planning in CPOMDPs to domains
with large or continuous state, action, and observation spaces by using methods
that artificially limit the width of a search tree in unpromising areas and satisfy
constraints using dual ascent. We empirically compare the effectiveness of our
proposed algorithms on continuous CPOMDPs that model both toy and real-world
safety-critical problems. In doing so, we demonstrate that CPOMDP planning can
be effective in continuous domains.

Unfortunately, the algorithms we introduce for safe online planning in continu-
ous CPOMDPs are still restricted to relatively small problems. Fortunately, as noted
for urban driving, many large planning problems can be decomposed hierarchi-
cally. In our final contribution, we introduce Constrained Options Belief Tree Search
(COBeTS) to scale continuous CPOMDP planning to much larger problems with
favorable hierarchical decompositions by planning over macro-actions (i.e. low-level
controller options). We demonstrate COBeTS in several large, safety-critical, uncer-
tain domains, showing that it can plan successfully while non-hierarchical baselines
cannot. Importantly, we show that with constraint-satisfyingmacro-actions, COBeTS
can guarantee safety regardless of planning time. In summary, our contributions im-
prove planning safety in domains with quantifiable outcome, state, and/or objective
uncertainty through novel applications of hierarchies and/or constraints.
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Ցանկանում եմ շնորհակալություն հայտնել ընտանիքիս, տարիների

ընթացքում ցուցաբերած բոլոր աջակցության համար։ Շնորհակալություն

եմ հայտնում Նահանգներում ապրող իմ զարմիկներին անհավատալի

դրական օրինակներ լինելու համար և կրթությամբ, և աշխատասիրությամբ,
և ջերմությամբ։ Հայաստանում ապրող իմ հարազատներին ու զարմիկներին,
շնորհակալություն, տարիների ընթացքում գրկաբաց ընդունելության,
հյուրընկալության, հարազատեղբորպես վարվելու, կացարանուկերակուրով

ապահովելու համար։ Անչափ շնորհակալ եմ նկարիչ հայրիկիցս, արվեստի
և մշակույթի հանդեպ սեր տալու մշտապես այդ միջավայրին ծանոթացնելու

համար։ Խորապես շնորհակալ եմ մորս, աշխարհի առեղծվածների հանդեպ
խորը հետաքրքրասիրության, այն ինձ ներկայացնելու, կյանքիդ Համառ

պայքարի համար, համոզվելու որ ապահովել ես ամեն ինչով իմ հաջողության

հասնելուն։ Ի վերջո շնորհակալություներս հայ մեծ համայնքին, որը ինձ

համար երկրորդ տուն է, մշտապես պատրաստ օգնության։ ֎
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1 Introduction

Recent years have seen widespread deployment of systems that make decisions au-
tonomously or semi-autonomously. These decision-making agents are designed for
many purposes and come inmany forms. They include physical systems designed to
automate repetitive tasks (e.g. home robots, autonomous vehicles, delivery drones,
industrial robots, agricultural robots), systems that work with humans to augment
human decision-making (e.g. medical, aeronautical, and financial decision support
systems), and systems that enable otherwise impossible tasks (e.g. underwater
robots, space exploration vehicles). Autonomous agents promise to improve our
lives, and their adoption in novel applications will no doubt continue.

A key unifying consideration for all these agents is safety–how canwe ensure that
agents designed to act autonomously in the real world cannot cause harm? In order
to ensure safety, it is often necessary for agents to quantify and plan robustly against
uncertainty in their environments. This thesis introduces methods that improve
agents’ abilities to plan safely under different modes of uncertainty, specifically
through novel applications of constraints and hierarchies.

1.1 Planning under Uncertainty

The goal of planning is to use environment models to optimize sequences of de-
cisions by predicting their effects. Planning stands as a cornerstone of autonomy,
underpinning the ability of intelligent agents to operate independently. It is a cru-
cial process that equips autonomous systems with the capability to set objectives,
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chapter 1. introduction 2

formulate strategies, and execute actions to achieve desired goals. Planning pro-
vides a roadmap for these agents in navigating complex and dynamic environments,
allowing them to adapt to unforeseen circumstances and make decisions based on a
structured assessment of available information.

Planning in the real world is complicated significantly because of the uncer-
tainty. In real-world scenarios, uncertainty is pervasive and inherent, stemming
from factors such as incomplete information, unpredictable events, and environmen-
tal variations. Ignoring uncertainty can lead to suboptimal decisions, inefficiencies,
and unexpected outcomes. More importantly, accounting for uncertainty is essential
for risk management and safety, particularly in fields like autonomous driving, fi-
nance, and healthcare, where the consequences of erroneous decisions can be severe.
Planning under uncertainty allows for risk assessment and mitigation strategies to
be incorporated into the decision-making process. By acknowledging and modeling
uncertainty, planners can create more adaptable and robust solutions. This adapt-
ability is especially crucial in dynamic environments where conditions may change
rapidly, and rigid plans could prove ineffective. Finally, considering uncertainty
promotes transparency and accountability in decision-making, as it forces planners
to document assumptions, potential sources of error, and the limitations of their
plans.

This thesis will consider planning under three modes of uncertainty:

1. Outcome uncertainty, often also called transition uncertainty, models how
taking the same action from the same precondition (i.e. an environment state)
can yieldmultiple different outcomes. The frameworkwe use tomodel optimal
sequential decision-making under transition uncertainty is the Markov decision
process (MDP), which allows us to define sets of states (i.e. preconditions) that
agents can be in, the actions they can take, the possible next-state transitions
(i.e. postconditions) those actions induce, and the objectives (rewards) that
those agents seek to optimize.

2. State uncertainty models the uncertainty that an agent might face about its
decision-making preconditions that arise from imperfect information. State
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and transition uncertainty can be modeled jointly using the partially observable
Markov decision process (POMDP) framework, which augments an MDP with
the set of observations that the agent may receive and how those observations
are correlated with the true (hidden) state of the environment.

3. Objective uncertainty, alternatively called reward uncertainty, models the
uncertainty that an agent may face in the objective it should optimize. It is
often practical to consider overcoming objective uncertainty by relying on data
about decisions made by experts. Outcome and objective uncertainty can be
modeled using reward-free Markov decision processes (MDP\R), and plans
can be optimized while inferring objectives from data using imitation learning.

In summary, modeling uncertainty is essential for many decision-making sys-
tems but can add complexity to the planning problem. Next, we will discuss the
importance of safety in planning and the approach we take for safe planning under
uncertainty.

1.2 Safety in Planning

As mentioned, in many applications, considerations for safety are absolutely criti-
cal, as consequences for erroneous decisions can be catastrophic. There are many
methods that try to achieve safety in planning.

Some methods try to evaluate whether decision-making systems or their compo-
nents will become unsafe if deployed. Some examples of methods for evaluation
under test include empirical methods for simulating possible failure modes, vali-
dation to search for sequences of decisions that could result in failures, and formal
methods to verify that the systems are guaranteed to meet certain requirements. In
contrast, the methods that we will employ for improving safety in this thesis focus
on explicit design for runtime safety. The question we try to answer is — in systems
with high degrees of uncertainty, how can we design planning modules with confidence that
plans are safe at runtime? Many tools exist to design for runtime safety. For example,
runtime monitoring with out-of-distribution detection or uncertainty quantification
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can enable safe decision-making through redundancy. Additionally, probabilistic
safe sets can be integrated with control barrier functions to create control laws that
ensure safety with a high probability. Instead, in this thesis, we will focus on the
novel applications of hierarchical decomposition and constraints to solve safety-critical
problems under uncertainty:

Hierarchical decomposition allows for extremely difficult problems to be broken
down into hierarchies of subproblemswithmore tractable solutions. Hierarchies can
induce safety by allowing safe solutions to scale to large decision-making problems,
and by enabling runtime monitoring with safety redundancies.

Constraints specify safety through inviolable decision-making objectives. In
contrast to soft constraints, which penalize unwanted behavior in the decision-
making objective, hard constraints specify the safety conditions required for plans
to satisfy in order to be feasible. Uncertainty while planning can make constraint
satisfaction difficult.

1.3 Approach

In each chapter of this work, we describe a novel application of hierarchies and/or
constraints to solve safety-critical planning problems under uncertainty. We use
different representative safety-critical problem domains to empirically judge the
performance of our contributions.

In Chapter 3, we investigate the problem domain of autonomous driving in
urban environments. In many problems, it is not always straightforward to specify
a planning objective, as optimal decision-making can be influenced by many factors.
This problem is prevalent in autonomous driving, where a cluttered road environ-
ment with many interacting users can significantly complicate decision-making.
However, for the specific domain of autonomous driving, large datasets of human
(expert) driving can be used to plan without explicitly specifying objectives.

These human driving datasets consist typically of low-level trajectories, that is,
observations about the environments alongside low-level actions that human drivers
took (e.g. steering angles and accelerations). Typical imitation learning methods
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allow a controller to learn how to imitate these low-level decisions. However, in
autonomous driving (and many other robotic applications), control methods can
guarantee safety at the lowest level, and it is more practical instead to decide on
appropriate controllers (e.g. high-level or macro actions) to select. As such, we
investigate using a hierarchical decomposition to learn how to select sequences of
controllers such that low-level trajectories are imitated under state and objective
uncertainty.

We introduce Safety-AwareHierarchicalAdversarial Imitation Learning (SHAIL),
which alternates between learning a high-level controller-selection policy, and a
scorer that discriminates between real and simulated trajectories. By invoking a
hierarchical decomposition, SHAIL is able to incorporate external predictions of
controller safety to do runtime monitoring. These predictions can come from a num-
ber of methods, but prove essential as fail-safes for ensuring safety. Training SHAIL
requires simulating counterfactual controller selection, which we do by building a
simulator from the Interaction dataset of complex urban driving scenes. We evaluate
SHAIL against a number of baseline imitation learning methods, finding it outper-
forms them in scenarios that are available in the training set, but more importantly,
in scenarios that are held out. Evaluating and ensuring out-of-distribution safety is
key for data-driven decision-making systems.

After investigating how hierarchies can be used to improve safety for planning
under outcome and objective uncertainty, we turn to safe planning under outcome
and state uncertainty. In many problems, decision-making agents lack the full infor-
mation required to make optimal decisions and must make the trade-off between
gathering necessary information and acting to optimize their objectives. Guaran-
teeing safety in such settings is extremely difficult, as the agents may not always
have sufficient state information to satisfy safety specifications. In Chapters 4 and 5,
we model safety specifications using constraints on accumulated costs, which may
accrue gradually or suddenly. We model safe planning under uncertainty using
constrained partially-observable Markov decision processes (CPOMDPs) and turn our
attention to developing algorithms to solve CPOMDPs in large problem domains.

In Chapter 4, we investigate novel algorithms for solving CPOMDPs online using
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MonteCarlo tree search (MCTS). Unlike offline planning, which optimizes a decision
from every possible environment state, online planning is able to scale to much
larger problems by only considering the possible outcomes immediately accessible at
runtime. We introduce three MCTSmethods that scale online CPOMDP planning to
large and continuous action and successor spaces by leveraging progressive widening,
a technique to artificially limit search tree branching until the search algorithm
builds confidence in its plan. We demonstrate that our algorithms can successfully
plan while satisfying safety constraints on three target continuous problem domains.
These domains include a real-world-inspired carbon sequestration domain where
an agent lacks information about subsurface geometries and properties and must
plan to sequester carbon without it leaking to the surface.

Though the methods introduced in Chapter 4 can plan over continuous spaces,
they have significant limitations. First, they are limited to relatively small planning
problems, as there is a tradeoff between the degree of branch sub-sampling and
plan accuracy. Additionally, though they may satisfy constraints in the limit, there
are no guarantees that they will satisfy constraints anytime, which is an important
consideration for runtime safety.

Chapter 5 addresses these shortcomings by invoking a hierarchical decomposi-
tion and introducing Constrained Options Belief Tree Search (COBeTS) to plan over
high-level options (e.g. macro-actions) instead of low-level actions. Similar to Chap-
ter 3, COBeTS assumes a set of low-level control policies, but instead performs a
hierarchical Monte Carlo tree search to optimize controller selection by imagining
the outcomes of executing these low-level control policies. We show that COBeTS
can be used to scale safe planning under outcome and state uncertainty to large
robotic problems where non-hierarchical baselines fail. We also show that if the
low-level controllers are able to satisfy assigned constraints, then COBeTSsearch
will be safe regardless of how long it is allowed to run before returning a decision.
Finally, we show empirically that hierarchical search with many (possibly bad) con-
trol options is able to outperform low-level search, motivating future work where
safe search is used to compensate for automatically generated control policies.
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In summary, this thesis provides different methods for improving safety in au-
tonomous systemswhen planning under different modes of uncertainty. Specifically,
this thesis considers applications of hierarchies and constraints in order to plan
under outcome, state, and objective uncertainty. Table 1.1 summarizes how the dif-
ferent sections of this thesis address different modes of uncertainty by implementing
hierarchies or constraints.

Table 1.1: Outline comparing the sources of uncertainty in each chapter alongside
the methods used to achieve safety.

Sources of Uncertainty Techniques for Safety
Outcome State Objective Hierarchies Constraints

Chapter 3
Chapter 4
Chapter 5

1.4 Contributions

Ourmain contributions as they pertain to hierarchical adversarial imitation learning,
continuous constrained POMDP planning, and hierarchical constrained POMDP
planning are summarized below.

Hierarchical Imitation Learning

We introduce Safety-aware Hierarchical Adversarial Imitation Learning (SHAIL) in
order to learn how to choose high-level control policies (e.g. options, macro-actions)
that ultimately imitate low-level trajectory data. We demonstrate SHAIL against
other imitation learning methods on a simulator that we build from human driving
demonstration data in urban environments.
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Continuous Constrained POMDP Planning

We investigate the application of constraints to POMDP planning in continuous
domains, formulating tree search algorithms to plan online by artificially limiting
tree branching. We demonstrate that our algorithms are able to satisfy constraints in
large or continuous planning problems, including on a real-world-inspired carbon
sequestration domain.

Hierarchical Constrained POMDP Planning

We investigate inducing a hierarchy in order to extend continuous CPOMDP plan-
ning to even larger planning problems. We introduce a hierarchical belief-state tree
search algorithm (COBeTS) and demonstrate that it is able to solve difficult planning
algorithms that our continuous CPOMDP algorithms could not, including two new
robotic localization CPOMDP problems. We show that when low-level controllers
can satisfy constraints assigned to them by our search, that COBeTSis guaranteed to
be safe anytime. Finally, we show that the reduction in search tree size induced by
hierarchical planning allows for search over many more actions than in analogous
non-hierarchical problems.

1.5 Outline

The remainder of this thesis is organized as follows.
Chapter 2 describes different formulations for decision-making under uncer-

tainty. It first provides the necessary background on the mathematical frameworks
for planning under outcome uncertainty (Markov decision processes), state uncer-
tainty (partially observable Markov decision processes), and objective uncertainty
(imitation learning). It then dives into some of the necessary background on the
tools we apply for improving safety, namely hierarchies and constraints.

In Chapter 3, we introduce SHAIL, a method that applies hierarchies and safety
predictors to improve imitation learning in the safety-critical application of au-
tonomous driving in complex urban environments. We design a simulator derived
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from real-world driving data and evaluate SHAIL against other imitation learning
methods in scenarios that are both seen and unseen during training.

In Chapter 4, we formulate methods that apply constraints to POMDPs with
continuous domains and solve them online through tree search. We evaluate these
methods in three different continuous domains.

Building on this, Chapter 5 introduces COBeTS to apply hierarchies to scale
continuous CPOMDP planning to even larger problems. We evaluate our approach
on large constrained robotic localization problems that non-hierarchical baselines
cannot safely solve. We also examine the effects of planning with feasible low-level
control options.

Finally, Chapter 6 summarizes this thesis and highlights our main contributions.
We conclude by discussing areas for future work.



2 Background

This chapter overviews the necessary background and related work for this thesis.
We begin with a brief outline of planning, then continue with overviews of optimal
planning under outcome uncertainty, state uncertainty, and objective uncertainty.
We then overview methods for achieving safety while planning under uncertainty
by using hierarchical decomposition and constraints.

2.1 Planning

Autonomous agents use percepts from their environment to take actions [1]. Au-
tonomy is captured in the study of artificial intelligence, or ‘‘[the automation of]
activities that we associate with human thinking, activities such as decision-making,
problem-solving, learning...’’ [2]. In planning, agents reason about the consequences
of their actions in order to satisfy long-term objectives. Planning is a key pillar un-
derpinning autonomy.

There are multiple distinctions that differentiate classes of modern planning
algorithms. One such distinction is whether plans are open-loop or closed-loop.
In closed-loop planning, agents optimize action plans with the assumption that they
will be able to use future information in future decisions. As such, agents can
optimize a conditional plan (i.e. a contingency plan, which is a decision tree of actions
conditioned on future percepts. Computing optimal closed-loop plans is extremely
difficult for many reasons. The curse of dimensionality describes the difficulty in
scaling optimal planning as a result of large action and perception spaces. The curse
of history describes the combinatorial explosion in planning complexity with time

10
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1: procedure Execute(s0)
2: s← s0
3: while ¬Terminal(s)
4: a← Plan(s)
5: s← ActAndPerceive(s, a)

Algorithm 2.1: Fully observable receding horizon control

horizon. In contrast, open-loop plans assume no future perception, instead optimizing
a single sequence of actions against all possible outcomes. Though this may pacify
the curse of history, it can often lead to suboptimal plans.

Another methodological distinction is whether plans are computed offline or
online. In offline planning, a decision-making policy π is pre-computed for fast
runtime decision-making given any history of environment percepts. In contrast,
online planning describes the process of planning in real-time while interacting with
the environment. Online planning can often scale to larger problems than offline
planning by considering only the possible decision-making outcomes reachable
from the real-time environment state.

Online planning is typically coupled with actuation in a receding horizon fashion.
That is, autonomous systems will plan a sequence of actions, execute the first action
in their plan, perceive new environment information, and replan. In control theory,
this is called closed-loop control or feedback control. Open-loop planning coupled
with receding-horizon (closed-loop) control is often referred to as model predictive
control (MPC).

Algorithm 2.1 depicts receding horizon control in a fully observable environ-
ment, that is, one where all information required to make an informed decision is
observed at each time step. Throughout this thesis, decision-making preconditions
are referred to as states s ∈ S , where decisions are referred to as actions a ∈ A. Start-
ing from an initial state s0 and continuing until a termination condition is reached,
in each step of a feedback controller, a planning routine selects an action for the
agent to take and the agent perceives the outcome.

In contrast to feedback control, sensorless planning (also called conformant plan-
ning or open-loop control) describes actuation when sensor feedback is not available
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Execution
Planning

Time 𝝉   →

(a) Sensorless planning

Execution
Planning

Time 𝝉   →

 𝛑(   )

(b) Offline planning

Execution
Planning

Time 𝝉   →

(c) Receding-horizon, open-loop planning

Execution
Planning

Time 𝝉   →

(d) Receding-horizon, closed-loop planning

Figure 2.1: Executed sequences under different modes of planning, with states
denoted as circles and actions as squares. In sensorless planning (a), a single action
sequence is chosen and executed independent of sensor feedback. In offline planning
(b), actions are inferred at each step using a queryable policy π optimized offline. In
online, receding-horizon, open-loop planning (c), an action sequence is optimized
at each step using the latest state information, but only the first action is executed
before replanning. In contrast, with closed-loop, receding-horizon planning (d),
a full conditional action plan is optimized at each step, even though only the first
action is executed.
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from the environment. Sensor feedback is the default assumption in the rest of this
thesis, that is, that planning agents are able to observe the impact of their actions and
use that information to replan. Note that open-loop planning differs from open-loop
control, just as closed-loop planning differs from closed-loop control. Figure 2.1
differentiates some of these nuances. We depict planning and actuation in four differ-
ent settings, with planning depicted vertically and actuation depicted horizontally.
In sensorless, open-loop planning (i.e. open-loop control with open-loop planning,
Figure 2.1a), a single sequence of decisions is planned and executed independent
of feedback. In closed-loop control from offline planning (Figure 2.1b), a policy
optimized offline is queried for actions at every step. In model predictive control
(Figure 2.1c), a new open loop plan is generated at each time step after receiving
environment percepts, and the first step is executed. In online, receding-horizon,
closed-loop planning (Figure 2.1d), a new closed-loop plan is regenerated at each
step, and the first action is executed.

Classical planning is defined as the task of finding a sequence of actions to ac-
complish a goal in a discrete, deterministic, static, fully observable environment [1].
Classical planningwas developed to plan high-level robot actions by using first-order
logic to reason symbolically about the environment. STRIPS-style planning uses an
axiomatic model to encode logical statements about a static environment alongside
preconditions and effects induced by actions. It then searches for sequences of
actions that can transition the environment to a goal state[3].

Over the years, classical planning has evolved and been standardized using
the Planning Domain Definition Language [4]. It has shown success in critical
planning applications in controlled environments, including autonomous space
mission planning with Remote Agent [5] and the Europa toolkit [6], warehouse
operations planning [7], and large-scale military logistics [8], which more than paid
back DARPA’s 30-year investment in AI [1].

Though STRIPS-style classical planning can scale to extremely large problems,
it has a number of limitations. One shortcoming is a loose definition of optimality.
Classical planning investigates whether or not a sequence of actions can transition
the environment to a goal state. It does not, for example, compare different action
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sequences to minimize costs accrued in their execution.
Additionally, many real-world decisions face significant uncertainty, which can

arise for many reasons. Such reasons might include imperfect actuation, imperfect
sensing, imperfect information, unclear objectives, latent motives of other partici-
pants, and unpredictability in complex environments. Safety-critical applications
must be robust to uncertainty. Explicitly reasoning over that uncertainty can signif-
icantly improve the quality of safe decision-making. Though explicitly modeling
uncertainty can seem daunting, access to data and faster computing resources have
facilitated a shift in modeling paradigms.

Due to the prevalence of uncertainty in safety-critical applications, the rest of
this thesis relies on methods for planning under uncertainty. As such, the remaining
background chapters will overview common frameworks for planning under uncer-
tainty. Section 2.2 will outline rational decision-making under uncertainty about
the outcomes that agent actions can have. Section 2.3 will augment this outcome-
uncertain decision-making framework with state uncertainty, while Section 2.4
will augment this outcome-uncertain decision-making framework with objective
uncertainty. Meanwhile, Section 2.5 will overview how to improve safety by aug-
menting these formulations with hierarchical decomposition, while Section 2.6 will
overview how to achieve safety through the application of constraints.

2.2 Markov decision processes (MDPs)

As discussed in Section 2.1, significant shortcomings of classical planning include a
narrow definition of optimality and a lack of consideration for uncertainty. Unfortu-
nately, both of these shortcomings are often important considerations for real-world
safety-critical decision-making. For example, it is often the case that decisions made
given the same decision-making preconditions can result in different outcomes, for
example, as a result of imperfect actuation or external environmental factors.

The Markov decision process (MDP) is a powerful mathematical framework that
defines decision-making under outcome uncertainty [9], [10]. In an MDP, decisions
are made in discrete intervals and can cause a multiplicity of stochastic successor
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states. These successor states follow a Markovian probability distribution, that is,
one that remains stationary with time. Crucially, the agent state is fully observable,
meaning that after actuating, the agent observes the true outcome of its decision
and regains all of the necessary information to make future decisions.

The MDP will lay the groundwork for rational decision-making under uncer-
tainty in this thesis. In this chapter, we provide a formal definition of the MDP and
a notion of optimality. We then provide different solution methods for different
classes of MDPs. Finally, we conclude by discussing alternative frameworks for fully
observable planning under outcome uncertainty.

2.2.1 Formal definition

The key components of the MDP are as follows:

• States, s ∈ S , describe the instantaneous state of the environment and include
all information for optimal decision-making.

• Actions, a ∈ A, describe the space of allowed decisions.

• Reward models, R : S ×A → R, describe the immediate rewards for taking
actions, encoding objectives for agents to optimize.

• Transition models, T : S ×A×S → R+ encode the Markov likelihoods with
which actions a transition states s to successor states s′. That is, T(s, a, s′) =

P(s′ | s, a).

The MDP encodes a fully observable stochastic process where at discrete time
steps, an agent takes an action, receives a reward, and perceives the new state of the
environment. The transition model encodes the uncertainty in the agent dynamics
conditioned on the agent action and the previous environment state. In discrete
state spaces, the transition model encodes the mapping from a state and action to
a probability mass function over the successor state (i.e. ∑s′ T(s, a, s′) = 1 for all
s, a). In continuous state spaces, the transition model encodes a probability density
function (i.e.

∫
T(s, a, s′)ds′ = 1 for all s, a). We note that for the remainder of
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this section, expectations over transitions are computed assuming discrete state
spaces, but can be easily extended to continuous state spaces by replacing sums
with integrals where appropriate.

In fully observable MDPs, agent policies π map states to actions. Optimal policies
optimize expected cumulative reward. That is, a rational agent should form a policy
that optimizes all the rewards it will see over its lifetime. Though MDPs can be
defined over finite or indefinite horizons, in this thesis, we will study the infinite-
horizon MDP. In infinite-horizon MDPs, the expected cumulative reward can be
unbounded. As such, one notion of optimality is defined using the expected average
reward, that is, the reward received per time step. However, a more commonly used
approach is to introduce a discount factor γ ∈ (0, 1) and optimize the expected
discounted cumulative reward of policy π:

E

[
∞

∑
t=0

γtR(st, π(st))

]
, (2.1)

where the expectation is computed over stochastic state transitions. Sometimes,
MDP models are accompanied by initialization states s0 or state distributions s0 ∼
b0(s) = p(s0 = s). Realizations of a Markov decision process up to time T are
referred to as trajectories τT = s0a0s1a1s2a2...sT−1aT−1sTaT.

Common approaches to optimizing policies in MDPs rely on dynamic program-
ming to compute and store optimal solutions to planning subproblems. As such, it
is convenient to use the Bellman equations to define value (or utility) as the expected
discounted cumulative reward of starting in state s and following policy π:

Vπ
R (s) = R(s, π(s)) + γ ∑

s′∈S
T(s, π(s), s′)Vπ

R (s′), (2.2)

and to define the action-value of starting in state s, taking action a and then following
π:

Qπ
R(s, a) = R(s, a) + γ ∑

s′∈S
T(s, a, s′)Vπ

R (s′), (2.3)

An optimal policy π∗ is one that obtainsmaximal value at all states, and therefore
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must satisfy the Bellman optimality equations:

V∗R(s) = max
a∈A

Q∗R(s, a), (2.4)

Q∗R(s, a) = R(s, a) + γ ∑
s′∈S

T(s, a, s′)V∗R(s
′), (2.5)

π∗(s) = arg max
a∈A

Q∗R(s, a). (2.6)

In infinite horizon MDPs, optimal policies will be stationary and determinis-
tic. In contrast, in finite-horizon MDPs, optimal policies may be time-dependent.
In constrained MDPs, which we discuss in Section 2.6, optimal policies may be
stochastic.

2.2.2 Solution methods

With relatively few discrete states and actions, two algorithms are useful for solving
infinite-horizon, discrete-time, discounted MDPs optimally. The first, policy iteration,
alternates between evaluating and improving policies. In policy evaluation, the
value of a fixed policy is found by solving Equation (2.2) jointly across in every state.
In policy improvement, one-step lookaheads are used alongside evaluated values in
order to generate a new policy. That is, at iteration k:

πk+1(s) = arg max
a∈A

R(s, a) + γ ∑
s′∈S

T(s, a, s′)Vk
R(s
′). (2.7)

The second algorithm, value iteration, iterates Bellman backups, or applications of
the Bellman optimality equations in Equation (2.4), across the state space. Iteration
can either be done synchronously [10] or asynchronously [11]. Both algorithms are
guaranteed to converge towards an optimal policy. As the Bellman residual between
successive iterations, ‖Vk

R −Vk−1
R ‖∞, drops below a threshold δ, the policy loss to the

optimal policy ‖V∗R −Vπ, k
R ‖∞ is bounded by 2δγ/(1− γ)2 [12].

For MDPs with continuous or a large number of discrete states and actions,
different algorithms can be used to approximate optimal plans. For continuous
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MDPs with linear Gaussian transitions and concave quadratic rewards, a linear
quadratic regulator (LQR) can be used to determine an exactly optimal closed-loop
policy, expressing actions as a linear transformation of state [13]. With nonlinear but
approximately Gaussian dynamics, iterative LQR (iLQR) [14] and differential dy-
namic programming (DDP) [15] can determine approximately optimal closed-loop
plans by iterating dynamic programming with linearized dynamics and convexified
rewards.

Model predictive control (MPC)methods generate open-loop plans in a receding
horizon controller. In MDPs with unimodal transition uncertainty, it is common
to ignore uncertainty and optimize most-likely trajectories, often referred to as
trajectory optimization. Methods to do so include convex programming, mixed integer
programming, and sequential convex programming [16], [17]. Direct collocation
methods optimize actions and future states jointly while including dynamics as
hard constraints, while shooting methods optimize actions and roll out dynamics in
the objective function.

Under significant outcome uncertainty, open-loop planningmay optimize actions
against a set of sampled action-conditioned scenarios [18]. One way of doing
this is by using common random numbers to generate action-dependent trajectory
scenarios and optimizing the average reward of those trajectories [19]. To generate
robust open-loop plans under uncertainty, robust MPC methods optimize plans
against worst-case scenarios [20]. Multi-forecast MPC methods jointly optimize
multiple plans againstmultiple scenarios but constrain the first actions to be identical
across plans [21], [22]. Branch MPC methods optimize a set of plans against a tree
of scenarios resulting from sequential observations [23]. Multi-forecast and branch
MPC methods bridge the gap between full open-loop and full closed-loop planning.

One can generate closed-loop plans online through expectimax search, alternat-
ing maximization over actions with expectation over outcomes. However, exact
forward search can be extremely difficult as the size of the search tree (and therefore
search complexity) scales exponentially with the planning horizon. Instead, alter-
native search methods rely on heuristics to efficiently explore the search tree [24]
or samples to approximate plan quality [25]. A simple yet effective solution is to
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assume deterministic transitions following likely successor states, only replanning
when observing a different outcome [26].

Monte Carlo tree search methods combine reward sampling and exploration
heuristics to perform online closed-loop planning efficiently [27]. Common heuris-
tics for action selection during search trade-off exploitation with optimistic ex-
ploration, for example by using the estimated upper confidence bound of action-
values [28]. However, large numbers of actions or state transitions hinder the search,
as samples will tend to follow independent trajectories. One solution is to discretize
actions and successor states. Another solution is to progressively widen the search tree,
that is, to artificially limit the time spent in unpromising search areas by limiting the
number of children of a tree node to a polynomial in its visit count [29]. Yet another
solution is to guide search using heuristics learned from past searches. Heuristic
learning in MCTS has been able to learn, from self-play, how to beat world experts
in chess and Go [30].

So far, we have discussed methods for planning in MDPs with known transition
and reward models. When transitions and rewards are unknown a priori, it may be
possible to interface with a simulator that gives agents feedback about the results of
their actions (online reinforcement learning [31]. Using online reinforcement learning
to learn an offline policy may be more practical than online planning in large MDPs
that are easy to simulate. When interfacing with a simulator is impractical, it may be
possible to optimize plans using large amounts of collected data (offline reinforcement
learning) [32].

2.2.3 Alternative frameworks and solutions methods

Markov decision processes provide one framework for planning under uncertainty.
Stochastic Shortest Path (SSP) problems provide amore expressive framework that can
be useful for modeling discrete-time, indefinite, fully observable decision-making
problems with outcome uncertainty, and crucially, without discounting. An SSP
augments an MDP with a definitive initial state s0 and a goal state sg that can
eternally transition only to itself while accruing zero reward. Conveniently, all
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MDPs can be expressed as equivalent SSPs, though the reverse is untrue [33].
Optimal planning algorithms in SSPs yield the same solutions as value or policy
iteration and policy iteration in the equivalent MDPs, but can sometimes converge
much more quickly [34], [35].

Harmonic functions enable solutions to SSPs that are very useful for robotic
motion planning, where a robot must quickly and smoothly navigate from one
location to another while avoiding collisions [36]. Alternative techniques for fast
and safe robotic path planning include probabilistic roadmaps (PRMs) and rapidly
exploring random trees (RRT), which both sample the configuration space of a
robot to find safe paths while avoiding collisions [37], and the dynamic window
approach to restrict and score admissible actions [38].

2.3 Partially observableMarkov decision processes (POMDPs)

Section 2.2 introduced the Markov decision process as a framework for model-
ing decision-making under outcome uncertainty. Though actions could induce a
multiplicity of successor states, those states would be fully observed, giving the
decision-making agent all of the necessary information to plan its subsequent ac-
tions.

In this chapter, we relax the assumption of full observability. Now, we assume
that the agent only observes partial, imperfect information correlated to its state. As
such, at any decision-making step, the agent’s true state remains uncertain. Partial
observability and the associated state uncertainty model many real-world systems.
For instance, most autonomous systems have imperfect sensors that perceive noisy
or incomplete state measurements. Additionally, when interacting with humans,
autonomous systems may benefit by reasoning over those human’s latent intentions,
which can be modeled as partially observable states.

To frame planning under both outcome and state uncertainty, this thesis will
use the partially observable Markov decision process (POMDP), which extends the
MDP to partially observed states. This chapter will give a formal definition of the
POMDP, outline notions of optimality, and overview different solution approaches.
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2.3.1 Formal definition

The partially observable Markov decision process (POMDP) is defined as an exten-
sion of the MDP. Specifically, a POMDP model augments an MDP model with two
additional components:

• Observations, o ∈ O, are emitted by successor states after actuation.

• Observation models, Z : A× S × O → R+, encode correlations between
states and observations using a Markov likelihood with which observations o

are emitted from successor states s′ after taking actions a. That is, Z(a, s′, o) =

p(o | a, s′).

In POMDPs, rather than perceive s′, agents perceive observations o correlated
with s′, where those correlations are encoded with observation models. Similar
to states and actions, observations can be either discrete or continuous. Similar
to transition models, observation models over discrete observations must encode
valid probability mass functions (i.e. ∑o Z(a, s′, o) = 1 for all a, s′), and observation
models over continuous observations must encode valid probability density func-
tions (i.e.

∫
Z(a, s′, o)do = 1 for all a, s′). Again, we note that for the remainder of

this section, expectations over transitions and observations are computed assuming
discrete state and observation spaces, but can be easily extended to continuous state
or observation spaces by replacing sums with integrals where appropriate.

Because an agent planning in a POMDP does not have access to the true state, it
must instead plan based on the history of actions and emitted observations. Given an
initial belief, or distribution over initial state b0(s) = p(s0 = s), the history after hav-
ing taken t actions and receiving t observations is written as ht = b0a0o1a1o2...at−1ot.
Generating and storing policies for any arbitrarily long history can be non-trivial.
Fortunately, instantaneous belief over state is a sufficient statistic for history and can
be calculated iteratively using belief updating, or filtering:

bt(s) = p(st | ht) ∝ p(ot | at−1, st)p(st | at−1, ht−1) (2.8)

∝ Z(at−1, s, ot) ∑
s′∈S

T(s′, a, s)bt−1(s′). (2.9)
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With discrete states, beliefs can be encoded as vectors on an |S|-dimensional proba-
bility simplex bt ∈ ∆|S|. These belief vectors can be updated exactly. In continuous
state and observation spaces, linear Gaussian transitions and observations enable
Kalman filtering [39] while approximations extend to nonlinear transitions and
observations with unimodal uncertainty [40]. In a more general setting, particle
filters use samples to represent and update beliefs [41], [42].

Because beliefs are sufficient statistics, it is common for POMDPpolicies π tomap
beliefs to actions. Again, rational policies in infinite-horizon discounted POMDPs
optimize expected cumulative discount return E[∑T

t=0 γtR(bt, at)], where expected
immediate rewards are computed over beliefs, that is, R(b, a) = ∑s b(s)R(s, a).
POMDPs can be thought of as belief-state MDPs, a class of continuous MDP over
belief-states with stochastic transitions that follow:

T(b, a, b′) =

P(o | b, a) if b′ = b′a,o for any o ∈ O

0 otherwise,
(2.10)

where b′a,o is the updated belief resulting from taking action a and perceiving o, and
P(o | b, a) = ∑s,s′ T(s, a, s′)Z(a, s′, o)b(s).

In a POMDP, the value of following a policy π from belief b is

Vπ
R (b) = R(b, π(b)) + γ ∑

o∈O
P(o | b, π(b))Vπ

R (b′π(b),o). (2.11)

We can also define the action-value of starting in belief b, taking action a and then
following π as

Qπ
R(b, a) = R(b, a) + γ ∑

o∈O
P(o | b, a)Vπ

R (b′a,o). (2.12)



chapter 2. background 23

As with MDPs, an optimal policy π∗ satisfies the Bellman optimality equations

V∗R(b) = max
a∈A

Q∗R(b, a), (2.13)

Q∗R(b, a) = R(b, a) + γ ∑
o∈O

P(o | b, a)V∗R(b
′
a,o), (2.14)

π∗(b) = arg max
a∈A

Q∗R(b, a). (2.15)

2.3.2 Solution methods and extensions

POMDPs are very challenging to solve. Exact solutions to finite-horizon POMDPs
are PSPACE-complete in the problem size [43] while infinite-horizon POMDPs are
undecidable [44]. Thankfully, POMDP algorithms use clever techniques to form
tractable approximate solutions. This subsection will discuss methods for offline
closed-loop planning, online open-loop planning, and online closed-loop planning,
and will conclude by briefly discussing extension classes of POMDPs.

Offline approximate solutions rely on different techniques for representing the
policy concisely. Point-based representations learn policies using values associated
with a series of belief points that cover the reachable belief space. It is common to
use alpha vectors to encode values and their gradients at belief points. The value
function encoded by a set of alpha vectors Γ is piecewise linear and convex (PWLC)
over beliefs,

Vπ
R (b) = max

α∈Γ
α>b, (2.16)

while policies extract actions from the maximizing alpha vector at a belief.
Perseus builds a point-based policy through value iteration by performing ran-

domized Bellman backups at beliefs sampled smartly from the reachable belief
space [45]. HSVI maintains upper and lower value bounds and uses heuristic search
to guide point-based backups [46]. SARSOP focuses backups near the optimally
reachable belief set, sampled using predictions from related belief values [47]. These
methods are limited to discrete state, action, and observation POMDPs of relatively
small size.
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Instead of representing values over points in the belief space, finite-state con-
trollers (FSCs) represent offline policies as a directed graph, where nodes encode
actions to take when control is relegated to a node, and edges encode how control
nodes transition conditioned on observations. In discrete state, action, and observa-
tion POMDPs, deterministic finite-state controllers can be learned through policy
iteration [48], [49], while stochastic, fixed-size finite-state controllers can be learned
using nonlinear programming [50] or gradient ascent [51]. In large or continuous
state spaces, FSCs can be learned using sampling-based techniques [52], [53].

Alternative approaches to offline POMDP planning represent and learn policies
in a compressed subspace of beliefs. For example, value-directed compression
(VDC) performs linear compression [54] while exponential family PCA finds a
non-linear compression in the exponential family [55].

In online planning, under linear Gaussian dynamic and measurement models
with quadratic rewards, the linear quadratic Gaussian controller (LQG) provides
optimal closed-loop control by combining Kalman filtering with LQR. Under nonlin-
ear Gaussian models, approximate Kalman filters can naturally be combined with
iLQR for approximately optimal planning [56]. In many robotic applications, it
often suffices to plan open-loop trajectories from the expected state using model
predictive control. Additional work extends the linear quadratic regulator to belief-
state planning, using iLQR jointly over the mean and covariance of a Gaussian filter
while assuming maximum likelihood observations[57]. Just as in MDPs, in large
problem domains, common random numbers can be used to optimize open-loop
actions against determinized, action-dependent scenarios [19].

Finally, online closed-loop planning algorithms rely again on building an ex-
pectimax search tree, with maximization over actions and expectation over belief
transitions, which are induced jointly by stochastic state transitions and observa-
tions. AEMS uses heuristics relying on upper and lower bounds to guide forward
search [58]. POMCP extends MCTS to POMDPs with large state spaces by sampling
states and assigning trajectories based on shared histories [59]. Under environment
shifts, ABT adapts the search tree by updating and replacing previously sampled
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trajectories appropriately [60]. POMCPOW and PFT-DPW extend POMCP to con-
tinuous action and observation spaces by artificially limiting branching factors with
node visit count [61]. VOMCPOW improves action sampling [62] using distances in
action space. DESPOT simplifies searching in large state spaces by combining heuris-
tic search against determinized scenarios that rely on common randomnumbers [63],
a process which is extremely amenable to parallelization [64]. Additionally, recent
approaches use information from previous searches to learn heuristics that can
guide future ones, using neural networks [65], [66] or Gaussian Processes [67].

The POMDP model provides a basic framework for optimal decision-making
under outcome and state uncertainty. It has many subclasses and extensions that
are practical in different planning applications. For example, mixed-observability
POMDP planning provides efficient solutions in problems where only a part of the
state space is partially observable [68]. Rho-POMDPs define a belief-dependent
reward function, which can be extremely favorable for adaptive sensing [69]–[71].
POMDP-lite provides an efficient solution when hidden states are constant or evolve
deterministically [72]. Goal-POMDPs extend SSPs with partial observability, with
possible solutions using dynamic programming [73] or heuristic search [74]. In
multi-agent planning, Dec-POMDPs can model agents that must cooperate and plan
in a decentralized fashion in order to optimize a shared reward [75]).

An important class of POMDP models planning under state and outcome un-
certainty when an agent has to optimize competing objectives. We will discuss
these multi-objective POMDPs (MO-POMDPs) in greater detail in Section 2.6. In
particular, we will describe work around constrained POMDPs (CPOMDPs), as
they provide a natural framework for expressing safety through constraints, pertain
to our contributions in Chapters 4 and 5.

2.4 Imitation learning

Previous sections discussed optimal planning under outcome and state uncertainty.
For plans to be considered optimal, they need to optimize well-defined objectives.
However, planning objectives are not always well-defined. In extremely complex
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environments, it might instead be more practical to observe demonstrations of how
other agents plan in order to mimic their decision-making. In this section, we will
discuss imitation learning, the process of using data to overcome objective uncertainty
by learning to imitate decisions made by experts.

2.4.1 Formal definitions

Planning objectives can be hard to specify, especially in real-world scenarios. Con-
sider the case of autonomous driving. While we generally want vehicles to be
effective, efficient, and safe, it is not necessarily clear how to encode rules for all
complex interactions with other road participants into a single objective function.
Reward misspecification can lead to undesired behavior [76]. Instead, in imitation
learning, we wish to use trajectories of demonstrations to learn decision-making
policies directly.

Recall that a trajectory aggregates an episode of T observations and actions,
τT = s0a0s1a1...sT. In certain applications, like autonomous driving, it may be much
easier to collect trajectories than to encode decision-making objectives. Imitation
learning methods extract policies from trajectories, and can largely be bucketed into
one of three regimes:

1. In the data-only regime, the policy-maker only has access to demonstration
trajectories.

2. In the reward-free MDP (MDP\R) regime, the policy-maker has access to
demonstration trajectories alongside the true environment or a simulator of the
environment (which is a reward-free MDP). The environment can be useful
for testing a policy or simulating counterfactuals.

3. In the queryable expert regime, the policy-maker has access to demonstration
trajectories, the environment, and an expert that they can query to generate
new, expert demonstrations.

Swamy, Choudhury, Bagnell, et al. denote these as off-policy Q-value, on-policy re-
ward, and on-policy Q-value moment-matching regimes respectively[77]. This arises
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from the view of imitation learning as a process of learning policies whose resulting
trajectory distributions match moments against expert trajectory distributions [78],
[79].

Each regime has its own advantages and pitfalls. The data-only regime is the
simplest and most scalable, as it has no reliance on an environment simulator. How-
ever, policies trained in the data-only regime can generate cascading errors while
driving systems towards never-before-seen states. Cascading errors are alleviated
in the MDP\R regime, but training a policy in the true environment can be unsafe
while creating a simulator of the environment can be costly, and worse, not capture
all the nuances of reality (the simulation-to-reality, or Sim2Real gap). The queryable
expert regime provides a path for safely training an imitative policy in the real world,
but querying experts can be extremely inefficient and expensive.

In the data-only regime, behavior cloning describes the common approach of
using demonstration trajectories to build policies that directly regress states to
actions. For example, given a dataset of observed states and associated actions
D = {(si, ai)i=1,...,N}, behavior cloningmay optimize a stochastic policy conditioning
actions on states by maximizing their likelihood under a parameterized policy πθ,
where π∗ is parameterized by

θ∗ = arg max
θ

∏
(s,a)∈D

πθ(a | s). (2.17)

Additional work in the data-only regime uses information about state transitions
within trajectories to match distributions over trajectories [79].

In Chapter 3, wewill introduce amethod that leverages hierarchies in theMDP\R
regime, where a simulator can simulate counterfactuals in order to predict and avoid
cascading errors. In the MDP\R regime, imitation learning convolves objective
learning with policy optimization. Inverse reinforcement learning (IRL) describes the
process of recovering a reward function from data, while reinforcement learning (RL)
optimizes a policy given an objective function and an environment. In the MDP\R
setting, imitation learning can be described as the convolution of these two steps:
RL ◦ IRL.
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Traditional methods alternate between inverse and forward reinforcement di-
rectly by inferring an MDP and solving that MDP. Abbeel and Ng infer a reward
function as a linear set of features [80]. Later methods improve upon this by reg-
ularizing for policies that maximize trajectory entropy in unseen states [81], [82].
Framing this convolution problem as a two-player adversarial game, more recent
methods learn policies directly by leveraging generative adversarial networks to
train policies alongside discriminators that differentiate between expert and novice
trajectories [83], [84]. Inverse Q-learning (IQ-Learn) performs this convolution
non-adversarially by mapping policy optimization and reward inference together to
a single action-value function to optimize [85].

2.4.2 Applications and extensions

Imitation learning has been applied for data-driven decision-making in many ap-
plications ranging from rotorcraft, fixed-wing aircraft, robotic manipulation, ware-
house robotics, and home robotics [86], [87]. Facilitated by large datasets of human
driving demonstrations [88]–[91], much research focuses on automated driving.
The National Motor Vehicle Crash Causation Survey conducted from 2005 to 2007
concluded that 94% of serious accidents in the United States were caused by driver
error [92]. Autonomous driving promises to alleviate these catastrophic errors. One
significant challenge for decision-making in an autonomous car is scaling decision-
making to handle the large number of rare but catastrophic scenarios seen on the
road. As it is hard to predict and capture all of these events using rules, it can instead
be practical and more easily scalable to learn how to imitate human driving.

The first demonstrations of autonomous road driving without special guides
emerged in the late 1980s [93], [94], with early applications of behavior cloning
attributed to Pomerleau[95]. More recent research has addressed imitation learning
while querying human drivers to take over driving in dangerous situations [96].
Research in MDP\R imitation has imitated highway driving using GAIL[97].

A large body of research extends imitation learning to multi-agent settings,
where the goal is to learn a set of policies that allow a team of agents to reproduce
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collaborative decision-making [98]. These works have also been applied to the
joint control of multiple cars [99], [100]. Other extensions have explored inverse
reinforcement learning as a method for autonomous agents to infer the objectives of
collaborating humans, enabling shared autonomy [101].

Finally, additional extensions explore hierarchies, in order to decompose both
decision-making and imitation. Many different approaches have investigated hierar-
chical autonomy systems where objectives for at least one layer are inferred using
imitation learning. That imitation is typically done assuming labels of actions at the
appropriate level of hierarchy [102]. Options-aware imitation learning jointly infers
high-level and low-level policies by combining hierarchical reinforcement learning
methods with expectation maximization to infer trajectory hierarchies [103].

We will overview hierarchical decomposition in the general context of decision-
making under uncertainty in Section 2.5. In Chapter 3, we will introduce a hier-
archical imitation learning method that relies on an environment simulator and
safety prediction mechanisms to safely imitate human drivers in complex urban
environments. Contemporaneously to our work, other works address safe hierarchi-
cal imitation learning for autonomous driving in urban environments by learning
goal-conditioned low-level policies. Bronstein, Palatucci, Notz, et al. build a hierar-
chical policy in the reward-free MDP regime by conditioning low-level policies on
high-level route roadgraphs that are known at train time [104]. Xu, Chen, Ivanovic,
et al. build a hierarchical policy in the data-only regime by combining high-level
goal prediction with low-level goal-conditioned trajectory generation, where goal-
conditioned trajectories are optimized to be safe against behavior predictions of
other road participants [105].

2.5 Hierarchies

Previous chapters have discussed optimal planning under uncertainty when succes-
sive actions are of the same fidelity. However, this is impractical for complicated
tasks. Instead, it is more practical to consider planning with hierarchies of fidelity.
For instance, rather than plan all muscle movements to bake a cake, it is more practical
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to first plan high-level actions (e.g. collect all the ingredients, print a recipe, preheat the
oven...), and then plan low-level muscle movements for each action.

The first real-world applications of planning in robotics were organized in such
a hierarchy. On the Shakey robot, PDP-10 programs were organized in a three-layer
hierarchy. Programs in the lowest level drove all of the motors and captured sensory
information, programs in the intermediate level supervised primitive actions, such
as moving to a designated position and processing visual images, while programs in
the highest level of the hierarchy would plan more complex actions [106]. This same
kind of hierarchy underpins modern-day autonomous driving. At the highest level,
search-based route planners plan routes. At middle levels, decision-making may
choose appropriate waypoints and actions while considering other road participants.
At the lowest levels, controllers plan sequences of actions, namely steering angles
and accelerations, to smoothly actuate the autonomous car [107].

Hierarchical decomposition comes with a number of desirable benefits. First,
it enables planning in large problems where planning at the lowest levels would
be impossible. Additionally, it allows for interpretability in plans, helping users
diagnose autonomous systems. Crucially, this enables runtime monitoring of plan
execution, which enables redundancy in safety by allowing safety mechanisms to
be included at multiple levels. Runtime supervision has been a critical enabler of
autonomy [108].

The rest of this chapter overviews different methods for modeling hierarchical
decomposition in MDPs. We begin by outlining the options framework, briefly
discuss semi-Markov decision processes, and conclude by overviewing alternative
frameworks for hierarchical decision-making.

2.5.1 The options framework and Semi-Markov decision processes

One popular framework for modeling hierarchies within a Markov decision pro-
cess is through options. Options (alternatively called macro-actions or low-level
controllers) encode a series of high-level actions that an agent can take that trigger
lower-level policies. The options framework extends a Markov decision process
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with a set of options Â. Each unique option â ∈ Â is defined with the following:

• Initiation states, Iâ ⊆ S , encode all the valid states from which each option â

can initiate.

• Option policies, πL
â : S → A, describes the policy with which each option â

selects actions.

• Termination distributions, β â : S → [0, 1], describes the likelihood with
which each option â terminates at each state.

In the options framework, a high-level policy π or πH selects from different
control options, so long as they can be initialized from the current state. That is,
πH(st) = â =⇒ st ∈ Iâ. Once an option is selected, it runs its policy until it reaches
a state where it samples termination. Upon termination, control is returned to the
high-level controller, which selects a new valid option. Underlying action primitives
can also be included in the option set by encoding a policy that is guaranteed to run
that action for only one step and return control. Additionally, the options framework
can be used to model additional levels of hierarchy, for example, by calling mid-level
options that can call low-level options.

In the options framework, we can say that options calls, or decisions, come in
fixed epochs. The decision epoch associated with the e-th option call starts at time te

and lasts for a process time of τe steps. The next epoch begins when the next decision
takes place, at te+1 = te + τe.

The options framework induces two decision processes. While the low-level
process of underlying actions follows the underlying MDP, the high-level process
between successive options calls follows a discrete-time semi-Markov decision pro-
cess (SMDP). An SMDP modifies an MDP with transitions that jointly model the
successor state alongside the number of steps to get there. Additionally, it modi-
fies the reward structure to account for path length. One way of representing this
modification is as follows:

• Transition models, T : S ×A× S ×N→ R+ encode the joint probability of
transition to successor states at different future points in discrete time. That is
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T(s, a, s′, τ) = P(s′, τ | s, a).

• Rewardmodels, R : S ×A×N→ R, encode the expected discounted reward
from a τ-step transition that starts in s after taking action a.

We can recover the high-level SMDP process from the options framework by
mapping options to SMDP actions, low-level transitions and termination distribu-
tions to SMDP transitions, and expected discounted reward according to τ-step
option policies to SMDP rewards.

2.5.2 Alternative hierarchical frameworks and applications

While options will be the primary framework for modeling hierarchical decision-
making in Chapters 3 and 5, many other frameworks can also model hierarchies
in MDPs. For example, hierarchical abstract machines (HAMs) represent a hierarchy
of policies as a set of machines, each with a set of machine states that follow a
stochastic machine state transition distribution. Different types of machine states
have different functions: action states execute a machine state-dependent action,
choice states choose successor machine states, call states call a different machine,
stepping one level down in the hierarchy, while stop states terminate the machine
and step up one level of the hierarchy [109].

Another approach, MAXQ, represents a hierarchical policy as a directed acyclic
graph of admissible subroutines, with leaves representing primitive actions. Cru-
cially, MAXQ does not assume knowledge about the best choice of subroutine, only
that they are available to an agent in a routine. By encoding that knowledge, plan-
ning with MAXQ can efficiently attribute values to multiple routines in order to
scale both learning and planning [110].

Many of the ideas behind options, HAMs, and MAXQ were adopted from earlier
research on hierarchical task networks (HTN) in classical planning. HTNs encode
hierarchies by first describing high-level, broad actions, and then expanding those ac-
tions into lower-level refinements. That way, a STRIPS-style planning algorithm can
first do an easier search over broad actions, and then gradually undertake each action
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by planning over its refinements in higher levels of detail. These ideas became preva-
lent through planners such as ABSTRIPS [111], NOAH [112], INTERPLAN [113],
NONLIN [114], and O-PLAN [115].

Hierarchical decomposition has also been applied to solve large POMDPs. Theocharous
and Kaelbling compute an offline option-selection policy by discretizing the be-
lief simplex and solving the resulting belief-state SMDP using dynamic program-
ming Theocharous and Kaelbling. PBD searches online over hand-coded, fixed-
length macro-actions by efficiently computing and sampling from the posterior
distribution of beliefs at each decision epoch [117]. PUMA automatically constructs
and refines these fixed-length macro-actions using heuristic choices for intermediate
states [118], while MiGS uses a roadmap of sampled states and actions that navigate
between them to effectively sample beliefs [119]. More recent work automatically ex-
tracts belief-dependent, variable-length macro-actions using the value of information
information [120].

In robotics, the hierarchical problem of integrating low-level motion planning
with high-level task planning to simultaneously navigate in an environment with
many objects and interact with those objects is sometimes called task and motion
planning (TAMP). Typically, TAMP solutions combine elements of discrete task plan-
ning over a factored state space with elements of continuous constrained motion
planning in the robot configuration space [121]. Though often applied to determin-
istic domains, TAMP can be extended to POMDPs efficiently by determinizing the
problem under a maximum likelihood observation assumption [122], [123].

2.6 Constrained POMDPs (CPOMDPs)

In previous sections, we outlined principled frameworks for rational decision-
making under outcome, state, and objective uncertainty. We also saw how hierar-
chies can simultaneously scale decision-making while improving safety by ensuring
redundancy against failure modes. In this section, we will overview methods for
planning under uncertainty when balancing multiple objectives, and discuss how
to achieve safety in the plans themselves by imposing constraints.
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2.6.1 Multi-objective planning

In previous sections, we have discussed methods to optimize plans against a single
objective function. However, many real-world problems are multi-objective. This
is particularly true in safety-critical systems, where we want to optimize planning
performance alongside safety. Multi-objective, (partially observable) Markov deci-
sion processes (MO-(PO)MDPs) are an important class of (PO)MDP that formalize
planning with multiple objectives. These objectives are typically encoded by aug-
menting (PO)MDPmodels with additional reward functions R and associated value
functions VR [124].

Policies can trade off the importance of different objectives in different ways. If a
policy optimizes at least one objective, it is said to be Pareto optimal. The set of Pareto
optimal policies forms a Pareto frontier of optimal solutions [125]. Policies not on the
Pareto frontier are suboptimal, as they are dominated by policies that have better
performance on at least one objective.

Different techniques target different policies on the Pareto frontier. One straight-
forward technique to balance the trade-offs between competing objectives is to scalar-
ize them into a single reward function to optimize using single-objective (PO)MDP
planners. For example, linear scalarization may form R(s, a) = λ>R(s, a) for some
λ. Scalarization may require expert knowledge about tradeoffs between objectives,
and, depending on the scalarization routine, may not retrieve every Pareto-optimal
policy.

Another approach uses lexicographies (e.g. L(PO)MDPs) to define an ordering
of objectives to optimize [126]. Given this ordering, an L(PO)MDP solver will
optimize successive objectives only as long as the former objectives stay close to their
optimal value. On the other hand, constrained (PO)MDPs will optimize a single
objective subject to constraints on other objectives [127]. Topological (PO)MDPs
provide a general framework for representing relationships between objectives but
will remain out of scope for this thesis [128].

In the next sections, we will formalize planning in constrained MDPs and
POMDPs, as constraints allow for a natural framework to express safety and pertain
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to our contributions in Chapters 4 and 5.

2.6.2 CPOMDP formal definition

Constrained MDPs and constrained POMDPs augment MDP and POMDP models
with a set of constraints that a feasible policy must satisfy. The most common
expression of these constraints is through a set of cost functions that must satisfy a
cost budget in expectation when accumulated. That is, C(PO)MDPmodels augment
(PO)MDP models with the following:

• Cost models, C : S ×A → Rk
+, describe the k instantaneous costs accrued for

taking actions, encoding alternative objectives for agent planning.

• Constraint budgets, ĉ ∈ Rk
+, describe the k constraint budgets that accumu-

lated costs must satisfy for a solution to be feasible.

In infinite-horizon discounted CMDPs or CPOMDPs, it is useful to define the
cost value of starting in a state s or belief b and following policy π using the Bellman
equations presented in Equations (2.2) and (2.13), as well as the cost action-values
when first taking action a:

Vπ
C(s) = C(s, π(s)) + γ ∑

s′∈S
T(s, π(s), s′)Vπ

C(s
′), (2.18)

Vπ
C(b) = C(b, π(b)) + γ ∑

o∈O
P(o | b, π(b))Vπ

C(b
′
π(b),o), (2.19)

Qπ
C(s, a) = C(s, a) + γ ∑

s′∈S
T(s, a, s′)Vπ

C(s
′), (2.20)

Qπ
C(b, a) = C(b, a) + γ ∑

o∈O
P(o | b, a)Vπ

C(b
′
a,o). (2.21)

Given these definitions, we can define aC(PO)MDPpolicy as feasible if it satisfies
the cost constraints from an initial state or belief, and as optimal if remains feasible
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while maximizing expected discounted cumulative rewards, that is,

π∗ = arg max
π∈Π

Vπ
R (x) (2.22)

such that Vπ
Ck
(x) ≤ ĉk ∀ k, (2.23)

where x is the initial state for CMDPs and the initial belief for CPOMDPs. This
constrained optimization problem can be represented equivalently through its La-
grangian:

π∗ = arg max
π∈Π

min
λ≥0

Vπ
R (x)− λ>(Vπ

C(x)− ĉ). (2.24)

Unlike in (PO)MDPs, the optimal policy in C(PO)MDPs can be stochastic. With
k constraints, an optimal policy may optimize reward while satisfying constraints in
expectation by mixing policies with up to k + 1 actions at each state. The intuition is
that riskier actions that violate constraints to yield larger rewards can be balanced
with safer actions to satisfy constraints. With a stochastic policy, we compute costs,
rewards, and probabilities in expectation, for example,

C(b, π(b)) = ∑
s

b(s)C(s, π(s)) = ∑
s,a

b(s)π(a | s)C(s, a). (2.25)

Finally, we note that in online planning for receding horizon control, we update
the constraint budget at each time step, with the motivation that future plans should
depend on the remaining budget rather than the initial budget. To show this,
consider the constraints at any point in time in the partially observable setting:

E

[
∞

∑
τ=t

γτ−tC(bτ, aτ)

]
≤ ĉt (2.26)

E [C(bt, at)] + γE

[
∞

∑
τ=t+1

γτ−t−1C(bτ, aτ)

]
≤ ĉt (2.27)

E

[
∞

∑
τ=t+1

γτ−t−1C(bτ, aτ)

]
≤ ĉt −E [C(bt, at)]

γ
, (2.28)
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meaning that planning with ĉt+1 = [ĉt − E[C(bt, at)]]+/γ preserves constraint
satisfaction while ensuring a positive constraint budget at every step.

Next, wewill overview different solutionmethods for CPOMDPs, as they pertain
to our contributions in Chapters 4 and 5.

2.6.3 Solution methods and related work

In CMDPs with small numbers of discrete states and actions, one can optimize Equa-
tions (2.22) and (2.23) as a linear program. Additional methods for optimizing
CMDPs are discussed by Altman [129]. The field of stochastic model predictive
control investigates receding-horizon open-loop planning in continuous CMDPs,
often with unimodal transition uncertainty [18].

Methods for offline planning in constrained POMDPs have been restricted to dis-
crete state, action, and observation spaces. Solutionmethods to generate point-based
policy representations include dynamic programming [127], [130] and approximate
linear programming [131]. Solution methods that generate policy graphs or finite
state controller policies include column generation [132] and projected gradient
ascent [133].

Online planning algorithms can generate better solutions by searching across
immediately reachable beliefs. Undurti and How combine forward search with
a heuristic generated from offline planning to prune unsafe subtrees [134]. CC-
POMCP [135] plans online in extremely large state spaces by performing Lagrangian-
guided partially observable Monte Carlo tree search [59], with dual ascent to op-
timize the Lagrange multipliers. As MCTS can have high variance, recent work
uses information from past searches to learn a safety heuristic to help guide safe
search [136].

As an alternative to constraining expected costs, chance constraints provide
robustness by modeling constraints on the distribution of costs, for example, that
P(Vπ

Ck
> ĉk) < α. RAO∗ models chance-constrained in offline closed-loop POMDP

planning, where failures are defined as the inclusion of unsafe states in a trajec-
tory [137]. Chen, Shimizu, Sun, et al. optimizes open-loop plans in continuous
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POMDPs with per-time-step collision-avoidance chance constraints [138].
As reward and cost functions can often be difficult to specify, alternative works

synthesize policies to satisfy objectives specified in temporal logic [139], [140], pos-
sibly providing better guarantees of both safety and reachability [141]. Alternative
methods for safe planning under uncertainty make do without constraints, instead
optimizing risk-sensitive utility functions [142], [143] or robust metrics of reward
distributions, for example, value-at-risk or conditional value-at-risk [144]–[146].



3 Hierarchical Imitation Learning

We begin by considering safe decision-making under outcome and objective uncer-
tainty with the case study of autonomous driving. Designing a safe and human-like
decision-making system for an autonomous vehicle is a challenging task for reasons
described in Section 2.4. Generative imitation learning is one possible approach for
automating policy-building by leveraging both real-world and simulated decisions.
Previous work that applies generative imitation learning to autonomous driving
policies focused on learning a low-level controller for simple settings. However, to
scale to complex settings, many autonomous driving systems combine fixed, safe,
optimization-based low-level controllers with high-level decision-making logic that
selects the appropriate task and associated controller.

In this chapter, we attempt to scale imitation learning to complex, safety-critical
environments by introducing Safety-AwareHierarchical Adversarial Imitation Learn-
ing (SHAIL). Leveraging frameworks for hierarchical decomposition described
in Section 2.5, SHAIL learns a high-level policy that selects from a set of low-level
controller instances in a way that imitates low-level driving data on-policy. We
introduce an urban roundabout simulator that controls non-ego vehicles using real
data from the Interaction dataset. We then demonstrate empirically that even with
simple controller options, our approach can produce better behavior than previous
approaches in driver imitation that have difficulty scaling to complex environments.

The work presented in this chapter is based on a research collaboration with
Etienne Buehrle and Johannes Fischer [147]. Our implementations are available at
https://github.com/sisl/InteractionImitation.

39

https://github.com/sisl/InteractionImitation


chapter 3. hierarchical imitation learning 40

3.1 Introduction

The development of autonomous vehicles will greatly impact urban traffic. Of
particular importance is the safety and predictability of autonomous vehicles when
interacting with complex environments. Achieving safe and human-like behavior
will require a)multiple levels of safety redundancy, b) large amounts of real, “expert”
driving data, and c) advanced simulators to test behavior before deploying.

Recent reinforcement learning approaches add levels of redundancy to policies
learned in simulation by allowing for a hierarchy of control that passes between high-
level action selectors and safe low-level optimization-based driving controllers [148],
[149]. Though the addition of hierarchical safety layers is intuitive and adds levels of
redundancy, the success of any reinforcement learning-based approach hinges on the
design of the reward function. A misspecified reward function can be catastrophic.

To resolve the issue of reward misspecification, imitation learning approaches
instead rely on demonstrations from an expert in the environment. Data availability
invites the use of imitation learning methods that do not interact with the envi-
ronment (i.e. off-policy methods, such as behavior cloning) [95]. However, these
methods suffer from cascading errors when vehicles encounter out-of-distribution
states [150]. Some on-policy approaches will query an expert to help guide the
learning process safely [150], but querying an expert can be costly or impracti-
cal. Adversarial imitation learning approaches have been applied with simulators
on-policy to circumvent the need for a queryable driving expert [97], [100], but
these approaches have mostly been tested in simple driving settings and are still not
collision-free.

We approach the safety and environment simplicity limitations of these prior
applications of adversarial imitation learning to autonomous driving by taking a hi-
erarchical approach. We note that many autonomous driving systems combine fast,
safe, optimization-based controllers for low-level control with high-level logic to se-
lect appropriate tasks, controllers, and controller parameters. High-level logic might
choose between different options (e.g. LaneChangeLeft, Accelerate, TurnRight,
EasyBrake, HardBrake), then pass control to an instance of a low-level controller
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Figure 3.1: With SHAIL, the ego vehicle learns to choose from a set of safe high-level
options to navigate a complex driving environment derived from the Interaction
dataset [89]. The learner requires only low-level expert states and actions as opposed
to high-level actions or a reward function.

with the appropriate task and parameters for the chosen option. However, labels
for these high-level choices are typically inaccessible in expert trajectories, making
direct learning difficult.

A large body of work exists around hierarchical imitation learning formulations
for different robotics problems [102], [103], [151]–[154]. In this paper, we employ a
method for learning a high-level controller-selection policy that imitates low-level
driving data on-policy given a set of known low-level controller instances, as is
appropriate for autonomous driving. A depiction of our problem setting is shown
in Figure 3.1. We introduce Safety-Aware Hierarchical Adversarial Imitation Learn-
ing (SHAIL), which maintains the same low-level occupancy measure-matching
objective of previous adversarial imitation learning approaches applied to driv-
ing [78], [97], but assumes that low-level data is generated within the options
framework [155] and reformulates the objective accordingly. Additionally, SHAIL
implements a safety awareness layer to adjust the high-level controller selection
policy based on active reasoning about the safety or feasibility of different options.
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To demonstrate the effectiveness of SHAIL, we develop a simulator based on
real driving data from complex urban driving scenarios in the Interaction dataset
[89]. Our simulator allows us to adjust the acceleration of an ego vehicle along
its real path while other agents in a scene behave according to data. We test a
basic implementation of SHAIL in roundabouts, a dynamic driving scenario that is
typically difficult for an autonomous vehicle to safely navigate. We compare SHAIL
against an IDM adaptation, behavior cloning (BC), non-hierarchical generative
adversarial imitation learning (GAIL), and an ablation of SHAIL without the safety
layer (HAIL), observing that SHAIL indeed yields safer and more realistic driving
behavior.

In summary, the main contributions of this paper are to:

• Introduce SHAIL, amethodology for learning a safe high-level action-selection
policy that imitates low-level observations and actions,

• Introduce a simulator for complex driving scenarios based on real data, and,

• Empirically demonstrate the efficacy of SHAIL compared to IDM, behavior
cloning, and non-hierarchical imitation learning.

The remainder of this chapter will outline background and relatedwork, describe
the methodology for hierarchical adversarial imitation learning with safety con-
straints, present our experiments and results, and conclude with a brief discussion.

3.2 Background

This section provides necessary background on reinforcement learning, imitation
learning, and hierarchical planning.

3.2.1 Reinforcement and Imitation Learning

As discussed in Section 2.2, optimal decision-making under uncertainty can be
framed in the context of Markov Decision Processes (MDPs). With discrete states,
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an MDP can be defined as a tuple 〈S ,A, T, R, b0, γ〉 and includes a finite state space
S , the action space A, a stochastic transition function T : S × A × S → [0, 1], a
reward function R : S × A → R, an initial state distribution b0 : S → [0, 1], and
a positive discount factor γ < 1. An MDP policy maps states to a distribution
over actions to take π : S × A → [0, 1]. An optimal policy maximizes expected
cumulative discounted reward, π∗ ∈ arg maxπ∈Π Eπ[∑∞

t=0 γtR(st, at) | s0 ∼ b0(·)].
In the reinforcement learning setting, the exact transition and reward functions

T and R are unknown, but we can interact with an environment to receive generated
samples of next state and reward s′, r ∼ G(s, a). There is a body of work in which
reinforcement learning is used to generate policies for different autonomous driving
scenarios [156]–[158]. These works requires the use of a driving simulator to pro-
duce realistic transitions, as well as the manual specification of a reward function.
Designing a reward function to capture all desired behavior is extremely difficult,
and it is common for learning agents to exploit misspecified reward functions [76].

In the imitation learning setting, instead of receiving a reward signal, we rely on
data in the form of trajectory rollouts from an expert who interacts with the envi-
ronment. The imitation learning problem can be viewed as a problem of moment-
matching between the expert and learner distributions, and methods can broadly be
characterized as seeking to match Q-value moments off-policy, Q-value moments on-
policy, or reward moments on-policy [77]. In off-policy Q-value moment matching,
the learned imitating policy cannot interact with the environment until execution
time [79]. The most straightforward approach to learn a policy in this setting is
through behavior cloning (BC), in which a supervised learner regresses states to
actions. This approach has a long history in autonomous driving systems [95],
[159].

Behavior cloning suffers from an accumulation of errors during testing as an
agent ends up in states it has not seen during training, a phenomenon often referred
to as covariate shift [150]. In the on-policy Q-value-matching setting, this accu-
mulation of errors is reduced by introducing a query-able expert who can correct
deviating trajectories during training [150]. However, training with a query-able
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expert can be costly, timely, and impractical. In contrast, on-policy reward moment-
matching algorithms assume no access to a query-able expert, but still assume
interactions with the environment during training (e.g. using a simulator).

The state-action occupancy measure under a policy π is the (unnormalized)
γ-discounted stationary distribution of states and actions visited under that policy,
ρπ(s, a) = π(a | s)ρπ(s), where ρπ(s) = ∑∞

t=0 γtP(st = s | π). We can similarly
define the state-action occupancy measure of the expert policy, ρexp(s, a). One
perspective formulates imitation learning as moment-matching between expert
and learned occupancy measures, done by minimizing some f -divergence between
the associated distributions minπ D f ((1− γ)ρexp(·, ·)‖(1− γ)ρπ(·, ·)) [78]. In the
on-policy reward matching setting, this objective can be written as a two-player
game between a policy generator πθ and an observation-action discriminator Dφ:

min
πθ

max
Dφ

E(s,a)∼ρexp(·,·)[Dφ(s, a)]−E(s,a)∼ρπθ (·,·)[ f ∗(Dφ(s, a))], (3.1)

where f ∗ denotes the convex conjugate of f . This objective can be optimized by
alternating between discriminator gradient ascent steps to optimize the discriminator
parameters φ and policy gradient ascent steps to optimize the parameters θ of a
stochastic policy. This latter step can be viewed as reinforcement learning with an
‘imagined’ reward signal of r(s, a) = f ∗(Dφ(s, a)). These steps use Monte Carlo
methods (and a replay buffer) to estimate the expectations [83], [84].

These generative methods have been used to imitate highway driving behavior
[97]. Later work improves upon this by augmenting the learned reward model with
soft constraints to avoid bad states and actions [100]. Two shortcomings of these
works are that they a) mostly consider highway driving, a relatively simple driving
scenario, and b) only learn low-level controllers, for which safety is more difficult to
guarantee in comparison to traditional optimization-based controllers.
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3.2.2 Hierarchical Planning

Human driving in complex environments is naturally hierarchical. As discussed
in Section 2.5, one can model hierarchical planning with options [155], where a
low-level controller â is chosen from a finite set of options Â and executed until
termination, uponwhich a newvalid option is chosen. In addition to the components
of an MDP, an options model over a discrete state space defines K options (indexed
by â) which each define a set of states from which they can be initialized I ⊆ S ,
a low-level control policy πL : S ×A → [0, 1], and the probability that the option
will be terminated from any given next state β : S → [0, 1]. A high-level policy
over options denotes the probability of choosing from the valid set of options in any
given state πH(â | s), where s ∈ S and â ∈ Â such that s ∈ Iâ.

Recent work considers hierarchical reinforcement learning for planning in driv-
ing scenarios [148], [149], [160]. While still suffering from the pitfalls of a manu-
ally specified reward function, these approaches have the benefit that a high-level
action-selector can hand over control to safe, low-level, optimization-based planners.
Mirchevska, Hügle, Kalweit, et al. use this approach to learn a high-level controller
that can choose safe gaps in highway traffic for an optimization-based low-level
controller to navigate to [148]. In their approach, the high-level controller only tar-
gets reachable gaps, while if a targeted gap no longer is reachable during low-level
execution, control is passed back to the high-level controller.

Additional work considers hierarchical approaches to imitation learning. For
example, Henderson, Chang, Bacon, et al. perform imitation learning hierarchically
(as opposed to hierarchical imitation learning) by learning multiple generators and
discriminators tomatch low-level data, and learning amixture-of-experts policy over
those generators to follow [161]. Le, Jiang, Agarwal, et al. describes a formulation to
perform hierarchically-guided behavior cloning and dataset aggregation, however,
this assumes labeling of the high-level option, which we do not [102].

Jing, Huang, Sun, et al. perform hierarchical on-policy reward moment-matching
by framing an objective to match the moments over states, actions, and options and
alternating between expert option label inference and joint policy training. In this
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work, we keep low-level options fixed, as is more appropriate for driving. As a result,
our work is in line with moment-matching objectives over state and action [78] as
opposed to those additionally over options [103]. This can be viewed as a subclass
of Jing, Huang, Sun, et al. [103] where there is no need to infer latent options in
the data, or as an extension of Ghasemipour, Zemel, and Gu [78] in which the
state-action pairs are drawn hierarchically.

Much of recent work that performs vehicle behavior prediction hierarchically
(e.g. [162]) can be easily extended to off-policy hierarchical imitation learning,
as many policies learned to predict vehicle behavior when conditioned on a goal
could be extended to control an ego vehicle. A flavor of on-policy hierarchical imita-
tion learning has been applied to driving policies, in which long-horizon planning
learned to mimic a queryable expert is interleaved with fast, short-horizon, low-level
optimal control [163]. Contemporaneously to our work, Bronstein, Palatucci, Notz,
et al. build a hierarchical policy in the reward-free MDP regime by conditioning
low-level policies on high-level route roadgraphs that are known at train time [104]
and Xu, Chen, Ivanovic, et al. build a hierarchical policy in the data-only regime
by combining high-level goal prediction with low-level goal-conditioned trajectory
generation [105]. In contrast, we propose learning a high-level controller on-policy
that imitates low-level data without a query-able expert, and characterize a broader
class of high-level control options.

3.3 Methodologies

This section formulates SHAIL, first by reformulating the occupancy measure-
matching objective for a policy that generates low-level data hierarchically, and
then by designing a safety-aware high-level controller.

3.3.1 Hierarchical Adversarial Imitation Learning

We first formulate the occupancy measure-matching objective in Equation (3.1) for
a policy that is generating states and actions hierarchically. We do this by expanding
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the occupancy measure over options that would lead to state s and action a during
their execution, and states in which the options begin executing. We expand over
the initiation states sτ = h that begin executing the options â at time τ under which
low-level states and actions s and a can be observed at time t:

ρπ(s, a) =
∞

∑
t=0

γtP(st = s, at = a) (3.2)

= ∑
h,â

∞

∑
t=0

t

∑
τ=0

γτP(sτ = h, âτ = â)γt−τP(st = s, at = a | sτ = h, âτ = â) (3.3)

= ∑
h,â

∞

∑
τ=0

γτP(sτ = h, âτ = â)
∞

∑
t=τ

γt−τP(st = s, at = a | sτ = h, âτ = â) (3.4)

= ∑
h,â

∞

∑
τ=0

γτP(sτ = h, âτ = â)
∞

∑
t=0

γtP(st = s, at = a | s0 = h, â0 = â) (3.5)

= ∑
h,â

ρπH
(h, â)ρπL

(s, a | h, â), (3.6)

where ρπH
(h, â) = πH(â | h)∑∞

τ=0 γτP(sτ = h) is the discounted occupancy mea-
sure for ending up in a high-level state h and initiating option â, and ρπL

(s, a | h, â) =

πL
â (a | s)∑∞

t=0 γtP(st = s | s0 = h, â0 = â) is the discounted occupancy measure of
states and actions under an option â which was initialized in state h at time 0.

We apply this hierarchical representation of occupancy measure ρπ(s, a) to re-
formulate the measure-matching objective in Equation (3.1) for policy data that is
generated hierarchically:

min
π

max
Dφ

E(s,a)∼ρexp(·,·)[Dφ(s, a)]−∑
s,a

ρπ(s, a)r(s, a) (3.7)

=min
π

max
Dφ

E(s,a)∼ρexp(·,·)[Dφ(s, a)]− ∑
s,a,h,â

ρπ(s, a | h, â)ρπ(h, â)r(s, a) (3.8)

=min
πH

θ

max
Dφ

E(s,a)∼ρexp(·,·)[Dφ(s, a)]−∑
h,â

ρπH
θ (h, â)∑

s,a
ρπL

(s, a | h, â)r(s, a) (3.9)

=min
πH

θ

max
Dφ

E(s,a)∼ρexp(·,·)[Dφ(s, a)]−E
(h,â)∼ρ

πH
θ (·,·)

[r̃(h, â)], (3.10)

where r̃(h, â) = E
(s,a)∼ρπL (·,·|h,â)[ f ∗(Dφ(s, a))].
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Optimizing this objective can be done in a fashion similar to optimizing the
objective in Equation (3.1). Discriminator updates remain identical, while generator
updates require performing policy gradients on πH

θ (â | h) where the new ‘imag-
ined’ high-level reward r̃(h, â) accumulates the discounted low-level ‘imagined’
discrimination rewards from the execution of the chosen option. That is, r̃(h, â) can
be estimated as ∑Tâ

t=0 γtr(st, at), where s0 = h, at ∼ πL
â (·|st), and Tâ is the duration

of the option.

3.3.2 Safety-Aware Hierarchical Adversarial Imitation Learning

Many practical implementations of policy gradients rely on a fixed-size action space
[164], [165]. Because of this restriction, we are limited to an option set where
any option can be initialized from every state, i.e. Iâ = S for all â ∈ Â. This
assumption can be very limiting in terms of safety. Oftentimes, we have information
about restricted options from different states (e.g. an Accelerate option should
not be taken from a red light). Additionally, we might be able to make predictions
about the safety of different controllers. For example, this can be done strictly with
formulations of reachability of a controller, or more loosely through notions of scene
understanding (e.g. ‘it is probably unsafe to make a turn since there are vehicles
crossing the intersection’). SHAIL improves upon the formulation of hierarchical
adversarial imitation learning presented in the previous section by designing a
high-level option selection policy that incorporates sensitivity to option safety.

Safety awareness is incorporated by assuming that the agent can reason about the
safety or availability of different options from different states. We introduce a binary
random variable z which predicts the safety or availability of a low-level controller,
denoting the probability that an option â is safe when executed from a high-level
state s as psafe(z1 | s, â). This allows us to design the options such that control is
passed back to the high-level option selector according to this safety prediction, i.e.
β â(s) = 1− psafe(z1 | s, â). This option termination formulation expands on the one
used by Mirchevska, Hügle, Kalweit, et al. in the hierarchical reinforcement learning
setting [148] to admit probabilistic controller safety predictions rather than binary
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controller availability.
With this formulation, we additionally design a high-level controller that condi-

tions on controller safety:

πH
θ (â | s, z1) ∝ p(â, z1 | s) = psafe(z1 | s, â)ψH

θ (â | s), (3.11)

where ψH
θ is a learnable controller selector. This high-level controller reweights

options based on predictions of their safety or availability. It can be easily shown
that learning with this substituted policy is equivalent to minimizing the divergence
to an agent occupancy measure conditioned on safety, ρπ(s, a | z1). This scheme
requires at least one option with nonzero safety probability (e.g. a permanent ‘safe’
controller), otherwise, the high-level policy will not represent a valid distribution
over controllers. Additionally, to learn a useful option selector, the options should
have some semantic meaning that holds across different initialization states.

Learning ψH
θ with policy gradients on this policy formulation requires storing

the safety probabilities seen during option initiation in the replay buffer. That is, for
each option â initiated from a state h, the replay buffer consists of samples of the
form (h, â, psafe(z1 | h, ·), r̃(h, â)).

3.4 Experiments

Our experiments demonstrate the effective use of SHAIL in a driving simulator. We
introduce our own simulator based on real data in urban driving environments, and
demonstrate the improvements regarding safety that can be achieved in comparison
with baseline models, even by a simple SHAIL implementation.

3.4.1 Simulator

To test this approach in a more complicated driving environment, we introduce the
Interaction simulator.1 The Interaction simulator is an OpenAI Gym [166] simulator

1https://github.com/sisl/InteractionSimulator

https://github.com/sisl/InteractionSimulator
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that uses underlying data from the Interaction dataset of complex urban driving
scenes [89]. The dataset consists of recorded track files from driving scenarios in
different urban driving situations like roundabouts or intersections.

The simulator itself fixes vehicle paths and spawn times based on the recorded
data in the Interaction dataset, and admits control of vehicle accelerations along the
path. This is a reasonable navigation strategy, as it may be common for a separate
module to determine the path of a vehicle navigating a complex scene.

In our experiments2, we focus on controlling a single vehicle that is modeled
with double integrator dynamics and moves along its recorded path while non-ego
vehicles follow their recorded trajectories. Simulations are terminated when the
vehicle leaves the scene.

We assume that the ego vehicle encodes its absolute velocity, yaw rate, and
lidar-like measurements of the relative position and velocity of the closest vehicle in
each 72◦ sector of its surroundings. We use this very simple subset of autonomous
vehicle features to avoid overfitting to our small dataset.

3.4.2 Models

We evaluate the following baseline models in our experiments:
Expert: The expert model uses the default accelerations from the Interaction

dataset.
IDM: The Intelligent Driver Model (IDM) models vehicle accelerations in fixed-

lane driving when following a vehicle [167]. This model is problematic for un-
controlled driving, where it is not clear which vehicle the ego should ‘follow’. We
choose the follow vehicle as the closest vehicle that lies within two meters of the
ego’s planned path and has less than a 30◦ difference in heading. We target a desired
speed of 8.94 m/s (20 mph), a minimum spacing of 3 m, a desired time headway of
0.5 s, a nominal acceleration of 3 m/s2, and a comfortable braking deceleration of
2.5 m/s2.

BC: We implement a behavior cloning agent that directly regresses features to a
2https://github.com/sisl/InteractionImitation

https://github.com/sisl/InteractionImitation
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mean and standard deviation parameterizing a normal distribution for ego vehicle
acceleration. Our model is a feedforward neural network with layers of fixed hidden
size. We train our model by minimizing the negative log-likelihood of expert actions
under the action distribution predicted from their preceding states.

GAIL: We compare against a model learned through Generative Adversarial
Imitation Learning (GAIL) [83], [97]. Both discriminator and policy models are
feedforward neural networks, the latter again outputting parameters for a normal
distribution over next action. We use the same optimization objective as Ho and
Ermon, as well as proximal policy optimization (PPO) [164] to learn a policy. We
do not compare recurrent policies, as our episodes are too short to compare against
recurrent hierarchical policies.

SHAIL: To demonstrate the effectiveness of SHAIL, we formulate a very simple
hierarchical policy. Our high-level controller chooses from a set of options that
target a particular velocity at a particular future time, Â = {(v, t) | v ∈ V , t ∈ T },
where V and T are discrete velocity and time sets. The low-level controller for each
option commands a fixed acceleration to bring the vehicle to the desired velocity at
the desired time. The safety predictor returns a binary indicator for whether the
option is scheduled to collide with other vehicles if they maintain their velocity.
Additionally, we overwrite the largest deceleration option to always be valid, thereby
rendering it a default ‘safe’ option HardBrake. Again, we use the objective from Ho
and Ermon, and PPO for policy gradients. We also learn a version of SHAIL without
the safety layer or early option termination for ablation (HAIL).

3.4.3 Training and Metrics

Our experiments focus on model performance in roundabouts, a customarily tricky
scenario for an autonomous system to navigate. Specifically, we look at the DR_USA_
Roundabout_FT scene, which includes five recordings consisting of over 750 ego
vehicle tracks. We believe it to be the most difficult roundabout scene in the dataset.
Upon collisionwith a controlled vehicle, the environment is reset with a new random
vehicle.
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We perform two experiments. In our first experiment (in-distribution), we train
and test models in the same environment, which selects vehicles only from the
first track file. The purpose of this experiment is to compare absolute potential
model performance. This in-distribution testing corresponds with what was done
by Kuefler, Morton, Wheeler, et al. [97].

In our second experiment (out-of-distribution), we train and validate in an envi-
ronment that randomly selects vehicles from scene recordings 1–4, and we report
metrics on scene 5. This out-of-distribution testing evaluates how the models per-
form on unseen vehicle data, though we acknowledge that we are still operating
in the same driving setting. In both experiments, hyperparameters (e.g. model
architecture, options sets, etc.) are optimized by choosing the ones which yield the
highest success rate in the training environment. Please refer to our code for all
parameters.

To avoid collisions caused by non-ego vehicles following their recorded trajecto-
ries, our test environment overrides non-ego accelerations with the IDM policy in
case of an impending not-at-fault collision. For each model, we report the success
rate (the rate at which an episode does not terminate in a collision), the average
traveled distance (m), the root mean square error in position to the expert measured
at 10 seconds into the trajectory (m), the average absolute difference between the
average speed of each vehicle under expert and modeled control (m/s), and the
Jensen-Shannon divergence between the distributions over all accelerations. The
divergence is estimated by fitting a histogram distribution to the two sets of samples.

3.4.4 Results

Our simulation environment is visualized in Figure 3.2, while results from mul-
tiple runs of both in- and out-of-distribution roundabout experiments are shown
in Table 3.1. From the success rate and average distance traveled metrics, we can
see that the simple IDM rule-following policy, behavior cloning, and GAIL all have
trouble successfully navigating through the roundabout. From the in-distribution
experiment, we see that incorporating safe options, even those as simple as the ones
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Table 3.1: A comparison of performance between expert, IDM, BC, GAIL, HAIL (ab-
lation), and SHAIL policies in both in-distribution (above) and out-of-distribution
(below) roundabout experiments. We report metric means and two standard devia-
tions after training each model five times.

Model Success % Travel Dist. RMSE10s |∆Vavg| Accel. JSD

Expert 100 82.1 — — —
IDM 66.2 67.5 19.2 1.52 0.050
BC 45.3±3.0 49.8±1.4 22.0±1.9 1.88±0.11 0.275±0.017

GAIL 68.3±4.8 65.3±3.9 14.9±1.1 1.08±0.14 0.016±0.021

HAIL (ab) 53.0±24.1 54.5±15.3 18.3±4.8 1.87±0.86 0.333±0.008

SHAIL 77.7±3.1 70.6±2.3 14.7±2.1 1.27±0.23 0.312±0.012

Expert 100 81.9 — — —
IDM 56.3 59.9 21.0 1.45 0.061
BC 40.4±3.1 48.8±1.3 22.5±0.5 1.92±0.05 0.290±0.018

GAIL 51.6±6.8 54.5±4.7 14.7±1.6 1.41±0.21 0.031±0.018

HAIL (ab) 39.9±8.6 46.3±6.5 21.1±5.0 2.10±0.55 0.328±0.016

SHAIL 64.4±6.8 61.6±3.6 18.1±1.8 1.37±0.34 0.300±0.027
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Figure 3.2: A single time-step of a policy learned by SHAIL interacting with the
environment. The ego vehicle observes its own motion state and lidar-like measure-
ments capturing relative state information about up to five surrounding vehicles.

we suggest, can yield better performance when driving in complex environments.
We see improvements in the success rate and travel distance metrics. We see that
metrics that judge similarity to expert position and speed perform comparably well
in both GAIL and SHAIL, indicating some human-like behavior in both.

We note that the distribution over SHAIL accelerations is quite far from the expert
distribution, especially when compared to GAIL. This disparity can be attributed
to our overly simple option design. Our controllers attempt to target different
velocities at different points by holding fixed accelerations, ultimately resulting
in jerky behavior. We could bridge this gap by implementing more comfortable,
human-like controller options.

In our ablation study, implementing the same options without any safety layering
(HAIL) results in a severe drop in performance. Intuitively, when implementing op-
tions without safety or termination criteria, we are reducing the space of immediate
actions available to the agent. Even if we could learn a good imitating controller that
predicts which options might be safe from a particular state, we have no method for
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terminating if the options become unsafe. In our experiments, this is made even
worse by our simple controllers, which stick to the action plan that was initiated
during option selection and do not adjust their plan based on environment feedback.

We see similar results in our out-of-distribution experiment, noting that the
performance gap between SHAIL and other models is even greater. Though none
of the learning methods perform as well as they would in-distribution, this per-
formance gap suggests that SHAIL could be a good approach for navigating new
situations. We note though that our out-of-distribution experiment tested in the
same roundabout setting as training, just with new vehicle data. Though we believe
this to be the hardest setting, it would be interesting to train our approach over
different settings and test on a fully unseen one to see how well the learned safe
option selector could generalize.

3.5 Discussion

Previous work applying adversarial imitation learning to autonomous driving fo-
cuses on learning low-level control policies. However, since many autonomous
driving systems rely on optimization-based control to provide safe low-level poli-
cies, it may be more prudent to rely on data-driven tools to learn high-level control
policies. In this work, we introduced Safety-Aware Hierarchical Adversarial Imita-
tion Learning (SHAIL), a methodology for learning high-level control policies in a
simulator such that low-level expert trajectories are imitated. SHAIL incorporates an
additional layer to reason over option safety and availability, allowing to guarantee
that only safe and feasible actions are executed. To demonstrate our approach, we
developed a simulator based on the Interaction dataset of real complex urban driv-
ing scenarios. Finally, we compared SHAIL to previous approaches to empirically
demonstrate the safety improvements that it affords when navigating a roundabout.

SHAIL inherits all of the limitations from generative adversarial networks, policy
optimization, and simulation-based approaches to policy learning. Additionally,
SHAIL limits high-level options to a fixed set of predetermined low-level control
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policy instances. These options must hold semantic meaning in different initializa-
tion states for meaningful learning to occur. One limitation of our experiments is
the simplicity of the low-level controllers used, which are meant only to demon-
strate the potential of our proposed method. More advanced low-level controllers,
safety predictors, and termination criteria can easily be substituted into our method.
SHAIL can be extended to perform reward augmentation to design policies that
avoid known unfavorable behavior. It can also potentially be applied across settings
to learn more generalizable option-selection.

This discussion concludes our discussion of safe planning under outcome and
objective uncertainty. The next chapters will shift to discussing our contributed
methods for online planning while satisfying constraints under outcome and state
uncertainty.



4 Continuous Constrained POMDP
Planning

As overviewed in Section 2.6, Constrained Partially Observable Markov Decision
Processes (CPOMDPs) provide a framework for planning safely under outcome
and state uncertainty by imposing inviolable cost-value budgets. Previous work
performing online planning for CPOMDPs had only been applied to discrete action
and observation spaces. In this chapter, we propose algorithms for online CPOMDP
planning for continuous state, action, and observation spaces by combining dual
ascent with progressive widening. We empirically compare the effectiveness of our
proposed algorithms on continuous CPOMDPs that model both toy and real-world
safety-critical problems. Additionally, we compare against unconstrained solutions
that scalarize cost constraints into rewards and highlight the myopic limitations of
the default exploration scheme.

The work presented in this chapter is based on a research collaboration with
Anthony Corso [168]. Our implementations are available at https://github.com/
sisl/CPOMDPExperiments.

4.1 Introduction

Partially observable Markov decision processes (POMDPs) provide a mathematical
framework for planning under uncertainty [44], [169]. An optimal policy for a
POMDP maximizes the long-term expected reward that an agent accumulates while
considering uncertainty from the agent’s state and dynamics. Planning, however, is
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often multi-objective, as agents will typically trade-off between maximizing multi-
ple rewards and minimizing multiple costs. Though this multi-objectivity can be
handled explicitly [124], often times, multiple objectives are scalarized into a single
reward function and penalties are captured through soft constraints. The drawback
to this approach, however, is the need to define the parameters that weight the
rewards and costs.

Constrained POMDPs (CPOMDPs) model penalties through hard constraints
on expected cost-value, but are often harder to solve than POMDPs with scalarized
reward functions. Policies for CPOMDPs with discrete state, action, and observation
spaces can be generated offline through point-based value iteration [130], with
locally-approximate linear programming [131], or projected gradient ascent on
finite-state controllers [133]. Additional work develops an online receding horizon
controller for CPOMDPs with large state spaces by combining Monte Carlo Tree
Search (MCTS) [59] with dual ascent to guarantee constraint satisfaction [135].
However, this method is limited to discrete state and action spaces.

In thiswork, we extendMCTSwith dual ascent to algorithms that leverage double
progressive widening [29], [61] in order to develop online solvers for CPOMDPs
with large or continuous state, action, and observation spaces. Specifically we extend
three continuous POMDP solvers (POMCP-DPW, POMCPOW and PFT-DPW) [61]
to create the constrained versions (CPOMCP-DPW, CPOMCPOW, and CPFT-DPW).
In our experiments, we a) demonstrate our three solvers on toy and real-world
constrained problems, b) compare against an unconstrained solver using reward
scalarization, and c) demonstrate shortcomings of our solvers that are associated
with pessimistic backpropagation.

4.2 Background

POMDPs

Recall from Section 2.3 that a POMDP augments an MDP with observations o ∈ O
and an observationmodel Z thatmaps a state transition to a distribution over emitted
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observations. An agent policy maps an initial state distribution and a history of
actions and observations to an instantaneous action. An optimal policy acts to
maximize expected discounted reward [44], [169].

Offline POMDP planning algorithms [45], [47] yield compact policies that
act from any history but are typically limited to relatively small state, action, and
observation spaces. Online algorithms yield good actions from immediate histories
during execution [170]. Silver and Veness [59] apply Monte-Carlo Tree Search
(MCTS) over histories to plan online in POMDPs with large state spaces (POMCP).
Progressive widening is a technique for slowly expanding the number of children
in a search tree when the multiplicity of possible child nodes is high or infinite (i.e.
in continuous spaces) [29], [171]. Sunberg and Kochenderfer [61] apply double
progressive widening (DPW) to extend POMCP planning to large and continuous
action and observation spaces. Additional work considers methods for selecting new
actions when progressively widening using a space-filling metric [62] or Expected
Improvement exploration [67]. Wu, Yang, Zhang, et al. [172] improve performance
by merging similar observation branches.

Constrained planning

Constrained POMDPs augment the POMDP tuple with a cost function C that maps
each state transition to a vector of instantaneous costs, and a cost budget vector ĉ

that the expected discounted cost returns must satisfy. An optimal CPOMDP policy
π maximizes expected discounted reward subject to hard cost constraints. This
objective can be expanded from Equations (2.22) and (2.23) as:

max
π

Vπ
R (b0) = Eπ

[
∞

∑
t=0

γtR(bt, at) | b0

]
(4.1)

s.t. Vπ
Ck
(b0) = Eπ

[
∞

∑
t=0

γtCk(bt, at) | b0

]
≤ ĉk ∀ k, (4.2)

where b0 is the initial state distribution, and belief-based reward and cost functions
return the expected reward and costs from transitions from states in those beliefs.
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Altman [129] overviews fully-observable Constrained Markov Decision Pro-
cesses (CMDPs), while Piunovskiy and Mao [173] solve them offline using dynamic
programming on a state space augmented with a constraint admissibility heuristic.
Early offline CPOMDP solvers use an α-vector formulation for value and perform
cost and reward backups [127] or augment the state space with cost-to-go and per-
form point-based value iteration [130]. CALP [131] iterates solving a linear program
with a fixed set of reachable beliefs to perform locally-approximate value iteration
and expanding the belief set to represent a good policy. Walraven and Spaan [132]
improve upon this by leveraging column generation. Wray and Czuprynski [133]
represent a CPOMDP policy with a finite state controller learned offline through
projected gradient ascent.

To generate good actions online, Undurti and How [134] perform lookahead
search up to a fixed depth while using a conservative constraint-minimizing policy
learned offline to estimate the cost at leaf nodes and prune unsafe branches. More
recently, CC-POMCP performs CPOMDP planning by combining POMCP with
dual ascent [135]. Besides tracking cost values, CC-POMCP maintains estimates
for Lagrange multipliers that are used to guide search. Between search queries,
CC-POMCP updates Lagrange multipliers using constraint violations. CC-POMCP
outperforms CALP in large state spaces.

Alternative formulations of constrained POMDP planning use chance constraints
in place of expected cost constraints [137], [138]. To ensure that objectives are
satisfied, Goal-POMDPs explicitly reason about goal states [73] while additional
works synthesize policies that satisfy temporal logic specifications [139]–[141].
Finally, rather than specifying hard constraints or goals, risk-sensitive POMDPs
encode safety with risk-sensitive utility functions [142], [143].
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4.3 Approach

Recall from Section 2.6 that the Lagrangian of the constrained POMDP planning
problem can be formulated as

max
π

min
λ≥0

[Vπ
R (b0)− λ>(Vπ

C (b0)− ĉ)]. (4.3)

POMCP [135] optimizes this objective directly by interleaving optimization for π

using POMCP and optimization of λ using dual ascent. The planning procedure
for CC-POMCP is summarized in the first procedure in Listing 1, with lines 6
and 7 depicting the dual ascent phase with an update schedule αi. During policy
optimization, actions are always chosen with respect to the value of the Lagrangian
with exploration parameter κ (lines 10 and 11). The StochasticPolicy procedure
(not shown) builds a stochastic policy of actions that are ν-close to the maximal
Lagrangian action-value estimate.

One significant shortcoming of using POMCP for policy optimization is that it
only admits discrete action and observation spaces. In this work, we address this
shortcoming using progressive widening, in which a new child node is only added
to parent node p when the number of children nodes |C(p)| ≤ kN(p)α, where N(p)

is the number of total visits to p, and k and α are tree-shaping hyperparameters that
can differ for action and observation branching.

Progressively widening can be straightforwardly applied to CC-POMCP. The
extended version of this chapter1 includes an outline of the resulting algorithm,
CPOMCP-DPW.However, as noted by Sunberg andKochenderfer [61], progressively
widening in large observation spaces leads to particle collapse as each observation
node after the first step only holds a single state. To alleviate this, they propose
POMCPOW to iteratively build up particle beliefs at each observation node and
PFT-DPW to perform belief tree search using particle filter beliefs. They discuss
when these algorithms may outperform vanilla progressive widening and note the
absence of optimality guarantees.

1Available at arxiv.org/abs/2212.12154
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1: procedure Plan(b)
2: λ← λ0
3: for i ∈ 1 : n
4: s← sample from b
5: Simulate(s, b, dmax)
6: a ∼ GreedyPolicy(b, 0, 0)
7: λ← [λ+ αi(QC(ba)− ĉ)]+

8: return GreedyPolicy(b, 0, ν)

9: procedure GreedyPolicy(h, κ, ν)
10: Qλ(ba) := Q(ba)− λ>QC(ba) + κ

√
log N(h)

N(ha)
11: return StochasticPolicy(Qλ(ba), ν)

12: procedure ActionProgWiden(h)
13: if |C(h)| ≤ kaN(h)αa

14: a← NextAction(h)
15: C(h)← C(h) ∪ {a}
16: π ← GreedyPolicy(h, c, ν)
17: return sample from π

Listing 4.1: Common procedures for online continuous CPOMDP planning with
dual ascent.

In Algorithms 4.2 and 4.3, these approaches for POMDP planning in continuous
spaces are combined with dual ascent in order to perform CPOMDP planning in
continuous spaces. We note that these algorithms are amenable to methods that
combine similar observation nodes [172] or implement better choices for actions [67]
to provide optimality guarantees [62].

4.4 Experiments

We consider three constrained variants of continuous POMDP planning problems in
order to empirically show the efficacy of our methods. We demonstrate the different
continuous CPOMDP solvers, compare the use of CPOMCPOW against POMCPOW
with scalarized costs, and investigate cost backpropagation to highlight limitations.
We use Julia 1.6 and the POMDPs.jl framework in our experiments [174]. Our
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1: procedure Simulate(s, h, d)
2: if d = 0
3: return 0, 0
4: a← ActionProgWiden(h)
5: s′, o, r, c← G(s, a)
6: if |C(ha)| ≤ koN(ha)αo

7: M(hao)← M(hao) + 1
8: else
9: o ← select o ∈ C(ha) w.p. M(hao)

∑o M(hao)

10: append s′ to B(hao)
11: append Z(o | s, a, s′) to W(hao)
12: if o /∈ C(ha)
13: C(ha)← C(ha) ∪ {o}
14: V′, C′ ← Rollout(s′, hao, d− 1)
15: else
16: s′ ← select B(hao)[i] w.p. W(hao)[i]

∑m
j=1 W(hao)[j]

17: r ← R(s, a, s′)
18: c← C(s, a, s′)
19: V′, C′ ← Simulate(s′, hao, d− 1)
20: V ← r + γV′

21: C← c + γC′

22: N(h)← N(h) + 1
23: N(ha)← N(ha) + 1
24: Q(ha)← Q(ha) + V−Q(ha)

N(ha)

25: QC(ha)← QC(ha) + C−QC(ha)
N(ha)

26: c̄(ha)← c̄(ha) + c−c̄(ha)
N(ha)

27: return V, C

Algorithm 4.2: CPOMCPOW simulate procedure
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1: procedure Simulate(·, b, d)
2: if d = 0
3: return 0
4: a← ActionProgWiden(b)
5: if |C(ba)| ≤ koN(ba)αo

6: b′, r, c← GPF(m)(b, a)
7: C(ba)← C(ba) ∪ {(b′, r, c)}
8: V′, C′ ← Rollout(b′, d− 1)
9: else

10: b′, r, c← sample uniformly from C(ba)
11: V′, C′ ← Simulate(·, b′, d− 1)
12: V ← r + γV′

13: C← c + γC′

14: N(b)← N(b) + 1
15: N(ba)← N(ba) + 1
16: Q(ba)← Q(ba) + V−Q(ba)

N(ba)

17: QC(ba)← QC(ba) + C−QC(ba)
N(ba)

18: c̄(ba)← c̄(ba) + c−c̄(ba)
N(ba)

19: return V, C

Algorithm 4.3: CPFT-DPW simulate procedure
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full experimentation details, including hyperparameter choices, are available at
github.com/sisl/CPOMDPExperiments.

CPOMDP Problems

We enumerate the CPOMDP problems below, along with whether their state, action,
and observation spaces are (D)iscrete or (C)ontinuous.

1. Constrained LightDark (C, D, C): In this adaptation of LightDark [61], the
agent can choose from moving in discrete steps of A = {0,±1,±5,±10} in
order to navigate to s ∈ [−1, 1], take action 0, and receive +100 reward. An
action of 0 elsewhere accrues a −100 reward and the agent yields a per-step
reward of −1. The agent starts in the dark region, b0 = N (2, 2), and can
navigate towards the light region at s = 10 to help localize itself. However,
there is a cliff at s = 12, above which the agent will receive a per-step cost of
1. The agent must maintain a cost budget of ĉ = 0.1, and so taking the +10

action immediately would violate the constraint.

2. Constrained Van Der Pol Tag (C, C, C): In this problem, a constant velocity
agent must choose its orientation in order to intercept a partially observable
target whose dynamics follow the Van der Pol oscillator [61]. In our adaptation,
rather than penalizing taking good observations in the reward function, we
formulate a cost constraint that dictates that the discounted number of good
observations taken must be less than 2.5.

3. Constrained Spillpoint (C, C, C) This CPOMDP models safe geological car-
bon capture and sequestration around uncertain subsurface geometries and
properties [175]. In the original POMDP, instances of CO2 leaking through
faults in the geometry are heavily penalized, both for the presence of a leak
and for the total amount leaked. In our adaptation, we instead impose a hard
constraint of no leaking.
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LightDark Van Der Pol Tag Spillpoint
Model VR VC [≤ 0.1] VR VC [≤ 2.5] VR VC [≤ 0]

CPOMCPOW 17.1±6.8 0.090±0.026 24.5±2.9 1.57±0.10 3.93±0.53 0.001±0.000

CPFT-DPW 51.9±4.0 0.044±0.019 −0.6±2.1 1.05±0.08 4.19±0.47 0.001±0.000

CPOMCP-DPW −6.5±3.5 0.000±0.000 12.5±3.2 1.71±0.09 3.17±0.58 0.001±0.001

Table 4.1: Continuous CPOMDP online algorithm demonstrations comparing mean
discounted cumulative rewards and costs across 100 LightDark simulations, 50 Van
Der Pol Tag simulations, and 10 Spillpoint simulations.

CPOMDP algorithm comparison

Table 4.1 demonstrates the use of the different algorithms, comparing mean rewards
and costs on the three target problems. We note that performance is highly de-
pendent on the rollout policies, which are different for each solver and problem.
Crucially, all of our methods can generate desirable behavior while satisfying hard
constraints without scalarization. This is especially evident in the Spillpoint problem,
where setting hard constraints minimizes CO2 leakage while improving the reward generated
by unconstrained POMCPOW reported by Corso, Wang, Zechner, et al. [175].

Hard constraints vs. reward scalarization

Next, we demonstrate the benefit of imposing hard constraints. To do so, we create
an unconstrained LightDark problem by scalarizing the reward function linearly and
having an unconstrained solver optimize R̄(s, a) = R(s, a)− λC(s, a). We then vary
choices of λ and compare the reward and cost outcomes when using POMCPOW
to solve the scalarized problem against using CPOMCPOW with the underlying
CPOMDP.

In Figure 4.1, we depict the Pareto frontier when simulating 100 episodes at each
design point. We see that the solution to the constrained problem using CPOM-
CPOW lies on the approximate frontier while consistently satisfying the cost con-
straint. We can therefore see that constrained solvers can yield high reward values
at a fixed cost while eliminating the need to search over scalarization parameters.
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Figure 4.1: The VR vs. VC Pareto frontier of solutions to the scalarized LightDark
POMDP solved with POMCPOW and the Constrained LightDark CPOMCPOW
solution. Error bars depict standard error after 100 simulations.

Cost backpropagation

Finally, we notice that using a single dual parameter to guide the search globally
can result in overly conservative policies, as a globally constraining dual param-
eter would still guide the search in safe subtrees. To examine this, we simulate
CPOMCPOW searches from the initial LightDark belief and compare backpropagat-
ing costs normally against backpropagating the minimal cost-value across sibling
branches, i.e. the best-case cost assuming a closed loop. In Table 4.2, we compare
statistics averaged across 50 searches for taking actions 1, 5, and 10. While in the
unconstrained problem, the agent chooses the 10 action to localize itself quickly, we
note that the constrained agent should choose the 5 action to carefully move towards
the light region without overshooting and violating the cost constraint. We see that
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Model N(b0a)/N(b0) Qc(b0a) ∆Qλ(b0a)

Default [0.10, 0.19, 0.08] [0.18, 0.32, 1.15] [5.3, 5.5, 18.9]
Min [0.14, 0.33, 0.18] [0.00, 0.00, 0.29] [4.9, 2.1, 4.3]

Uncstr. [0.09, 0.30, 0.35] — [8.9, 6.6, 4.5]

Table 4.2: Statistics corresponding with actions 1, 5, and 10 when running CPOM-
CPOW with the default cost propagation, minimal cost propagation, and on the
unconstrained problem. ∆Qλ denotes the gap to the best Lagrangian action-value,
and the action taken most often is bolded.

with the default search mechanism, the costs at the top level of the search tree are
overly pessimistic, noting that actions of 1 or 5 should have zero cost-value as they
are recoverable. For this search, propagating minimal costs achieves the desired
result.

4.5 Discussion

Planning under uncertainty is often multi-objective. Though multiple objectives can
be scalarized into a single reward function with soft constraints, CPOMDPs provide
a mathematical framework for POMDP planning with hard constraints. Previous
work performs online CPOMDP planning for large state spaces, but small, discrete
action and observation spaces by combining MCTS with dual ascent [135]. We
proposed algorithms that extend this to large or continuous action and observation
spaces using progressive widening, demonstrating our solvers empirically on toy
and real CPOMDP problems.

Limitations: A significant drawback of CC-POMCP is that constraint violations
are only satisfied in the limit, limiting its ability to be used as an anytime planner.
This is worsened when actions and observations are continuous, as the progressive
widening can miss subtrees of high cost. Finally, we note the limitation of using a
global dual parameter λ to guide the whole search as different belief nodes may
necessitate different safety considerations.

In this chapter, thoughwedemonstrated online planning in continuousCPOMDPs,
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the problems we investigated were relatively limited in their scope. In the next chap-
ter, we will introduce a method that can scale CPFT-DPW to much larger problems
by leveraging hierarchical decompositions. This method will have the added benefit
that under the right assumptions, it can guarantee constraint satisfaction anytime.



5 Hierarchical Constrained POMDP
Planning

As noted in Chapter 4, though Constrained Partially Observable Markov Decision
Processes (CPOMDPs) can generalize safe planning under state and transition
uncertainty, online CPOMDP planning is extremely difficult in large or continuous
problem domains. Fortunately, in many large domains, hierarchical decomposition
(Section 2.5) can simplify planning by using tools for low-level control given high-
level action primitives (options).

In this chapter, we introduce Constrained Options Belief Tree Search (COBeTS),
which combines ideas from Chapters 3 and 4, leveraging hierarchical decomposition
to scale online closed-loop CPOMDP planning to larger problems. We show that
if primitive option controllers are defined to satisfy assigned constraint budgets,
then COBeTS will satisfy constraints anytime. Otherwise, COBeTS will guide the
search towards a safe sequence of option primitives, and hierarchical monitoring
can be used to achieve runtime safety. We demonstrate COBeTS in several safety-
critical, constrained partially observable robotic domains, showing that it can plan
successfully in continuous CPOMDPs while non-hierarchical baselines cannot.

The work presented in this chapter is based on a research collaboration with
Hugo Buurmeijer, Kyle Wray, and Anthony Corso [176]. Our implementations are
available at https://github.com/sisl/COBTSExperiments.

70

https://github.com/sisl/COBTSExperiments
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5.1 Introduction

Planning in robotics requires robust regard for safety, which often necessitates
careful consideration of uncertainty. Two factors contributing to uncertainty include
a) the true state of the robot and surrounding environment (state uncertainty),
and b) how that state will evolve given robot actuation (transition uncertainty).
Constrained partially observable Markov decision processes (CPOMDPs) provide
a general mathematical framework for safe planning under state and transition
uncertainty by imposing constraints [131].

While offline CPOMDP planning algorithms are able to build policies for dis-
crete environments with thousands of possible states [131], building policies in
many robotic domains that are typically large or continuous necessitates online
planning. Online CPOMDP planning has been scaled to large or continuous state
spaces by combining Monte Carlo tree search with Lagrangian exploration and
dual ascent [135] and has recently been extended to domains with continuous
action and observation spaces [168]. However, search-based planning with large
or continuous action and observation spaces is still extremely difficult. Common
techniques try to artificially limit the width of the search tree by restricting the sets
of successor nodes [29], [61]. Unfortunately, it can often be difficult to guarantee the
inclusion of promising actions in the reduced search set. This problem accelerates
as searches deepen, which can be especially problematic when problems require
deep searches to find promising action sequences. Models can be learned for bi-
asing action selection [65]–[67], however, this requires generating data from past
experience.

In many robotic planning applications, low-level controllers can be easily crafted
for different high-level action primitives using domain expertise or commonly avail-
able tools (e.g. trajectory optimization). Decomposing search hierarchically over
these action primitives (macro-actions, options) can significantly reduce the size of
the search tree. Decomposition can reduce the space of actions to search over, but
more importantly, reduces the search depth required to plan to the same horizon.

In this paper, we introduce Constrained Options Belief Tree Search (COBeTS),



chapter 5. hierarchical constrained pomdp planning 72

λ λ

(a) CPFT-DPW Tree [168]

λ λ

(b) COBeTS Tree

Figure 5.1: In CPFT-DPW [168] (left), progressive widening (blue) is used to limit
the branching factor of the Monte Carlo belief-state search tree, while dual parame-
ters (red) are optimized to guide the search towards constraint satisfaction. COBeTS
(right), leverages a hierarchy to decompose the partially observable planning prob-
lem, resulting in a search tree over options and semi-Markov belief transitions, with
potentially far fewer nodes.

a Monte Carlo tree search algorithm that leverages hierarchical decomposition to
scale online CPOMDP planning. COBeTS, depicted in Figure 5.1, combines the
options framework to handle hierarchies [155], particle filter tree search to search
over beliefs [61], progressive widening to limit the number of observation sequences
emitted from each option node, and Lagrangian exploration with dual ascent to
guide the search towards safe primitives [135]. We show that if options can satisfy
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assigned constraint budgets, COBeTS satisfies constraints anytime. If not, dual
ascent will guide the search toward safety, satisfying constraints in the limit. In
our experiments, we demonstrate COBeTS on a toy domain, a carbon sequestration
problem, and two robot localization problems. In each of these problems, COBeTS
significantly outperforms state-of-the-art baselines that plan without hierarchical
decomposition. Additionally, we demonstrate that COBeTS can satisfy constraints
anytime with feasible options, and COBeTS with many options can outperform
baselines because of the overall reduction in tree size induced by a hierarchy. To
our knowledge, this is the first work explicitly formulating hierarchical CPOMDP
planning.

In summary, our contributions are to:

• introduceCOBeTS to performonlineCPOMDPplanning in large or continuous
domains by using hierarchical decomposition,

• examine its anytime safety properties and tree complexity reduction, and

• demonstrate COBeTS on four constrained partially observable problems, in-
cluding two robotic problems where non-hierarchical baselines fail to plan
successfully.

5.2 Background

5.2.1 Hierarchical Planning in CPOMDPs

As noted in previous sections, CPOMDP planning with large problem spaces is
difficult. Hierarchical planning simplifies difficult planning problems by favorably
decomposing them into more tractable subproblems [109], [111]. Recall the options
framework discussed in Section 2.5. A partially observable options model augments
an underlying POMDP problem with the set {Iâ, πL

â , β â}â∈Â, that for every option,
defines a set of belief-states I from which it can be initialized, a low-level control
policy πL(a | b) returning actions from the underlying action spaceA, and a function
β that returns the probability that an option will terminate in a given belief. An
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1: procedure Execute(b0, ĉ)
2: â← ∅, b← b0
3: while ¬Terminal(b)
4: if â = ∅ ∨ Terminate(â, b)
5: â← SelectOption(b, ĉ)
6: a← Action(â, b)
7: o ← Step(b, a)

8: ĉ←
[

ĉ−C(b,a)
γ

]+
9: b← UpdateBelief(b, a, o)

Algorithm 5.1: Hierarchical execution in an options CPOMDP

implementation of hierarchical policy execution in CPOMDPs using the options
framework is depicted in Algorithm 5.1. During execution, the low-level policy
acts in the environment (lines 6–7), updates the cost budget with the expected
instantaneous cost (line 8), and updates the state belief using a new observation
(line 9). A high-level SelectOption policy chooses a new option whenever an
executing option terminates (lines 4–5).

Related works perform online hierarchical planning for unconstrained POMDPs.
For example, PBD searches over hand-coded, fixed-length macro-actions by esti-
mating and sampling from the posterior distribution of beliefs at each decision
epoch [117]. Vien and Toussaint combine partially observable MCTS with the
MAXQ framework [177], again with a hand-coded hierarchy. PUMA automatically
constructs and refines fixed-length macro-actions [118], while more recent work
constructs belief-dependent, variable-length macro-actions [120].

Though not explicitly using hard constraints, additional recent work has fo-
cused on safe planning in large partially observable robotic domains by using a
hierarchical information roadmap to manage local risks safely on large exploration
missions [178]. For problems with favorable state partitions (e.g. path planning on
a grid of neighboring states), work has also been done to solve large, fully-observable,
constrained MDPs hierarchically by combining global CMDP solutions over coarse
partitions with local solutions over underlying states [179].
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5.3 Methodology

5.3.1 Preliminaries

We formulate hierarchical planning in a CPOMDP using the options framework.
Options induce two processes: a low-level Markov process over the underlying
state, action, and observation space, and a high-level semi-Markov process between
successive option calls. With option policies defined a priori, the underlying model
is a constrained partially observable semi-Markov decision process (CPOSMDP).
Consequently, we now briefly cover the CSMDP, its generalization as CPOSMDP,
and the CPOSMDP’s equivalent belief-state CSMDP. More details can be found in
related work such as by Vien and Toussaint [177].

A CSMDP is defined in a way similar to a CMDP, with the inclusion of a now
semi-Markov transition function T that defines the joint probability of the successor
state alongside the number of steps required to transition given a state and action,
p(s′, τ | s, a). Decisions are made at successive decision epochs e, each indexing a
time step te when an action ae begins executing and its duration τe where te+1 =

te + τe.
Similarly, a CPOSMDP is defined with the tuple (S ,A,O, P, R, C, ĉ, γ), where

P models the joint semi-Markov transition and observation functions p(s′, o, τ |
s, a), where o ∈ Oτ is the sequence of emitted observations in a τ-step semi-
Markov transition. As with POMDPs and their equivalent belief-state MDP rep-
resentations, we can define a CPOSMDP equivalently as a belief-state CSMDP
(S̃ ,A, T̃, R̃, C̃, ĉ, γ). The belief states are b ∈ S̃ = 4(S), with transitions T̃(b, a, b′ =

bao, τ) = ∑s,s′∈S b(s)b′(s′)P(s, a, s′, o, τ), rewards R̃(b, a) = ∑s∈S b(s)R(s, a), and
costs C̃(b, a) = ∑s∈S b(s)C(s, a).

Proposition 1. For all policies π, the reward value functions and cost value functions of
the belief-state CSMDP are equal to those of the CPOSMDP, that is, for all b ∈ S̃ , Ṽπ

R (b) =

Vπ
R (b) and Ṽπ

C(b) = Vπ
C(b).

The proof follows directly from Theorem 2 of Vien and Toussaint [177], with
vector costs and cost-values treated analogously as scalar rewards and reward-values



chapter 5. hierarchical constrained pomdp planning 76

in the original proof. This theoretical result lays the groundwork for COBeTS as it
allows us to solve CPOSMDPs by solving their equivalent belief-state CSMDPs.

5.3.2 Constrained Options Belief-Tree Search (COBeTS)

The idea behind COBeTS is to select new options in a large CPOSMDP by planning
over the equivalent belief-state CSMDP. COBeTS augments CPFT-DPW [168], a re-
cent algorithm for online belief-state CMDP planning, with careful consideration for
the options framework. That is, rather than search over actions a, COBeTS searches
over options â and samples their induced semi-Markov belief-state transitions.

1: procedure SelectOption(b, ĉ)
2: λ← λ0
3: for i ∈ 1 : n
4: Qλ(bâ) := Q(bâ)− λ>QC(bâ)
5: Simulate(b, ĉ, dmax)
6: â← arg maxâ Qλ(bâ)
7: λ← [λ+ αi(QC(bâ)− ĉ)]+

8: return arg maxâ Q(bâ) s.t. QC(bâ) ≤ ĉ
9: procedure OptionProgWiden(b, ĉ)
10: if |C(b)| ≤ kaN(b)αa

11: â← SampleNextOption(b, [ĉ]+)
12: C(b)← C(b) ∪ {â}

13: QλUCB(bâ) := Qλ(bâ) + κ

√
log N(b)

N(bâ)

14: return arg maxâ QλUCB(bâ)
15: procedure Simulate(b, ĉ, d)
16: if d ≤ 0
17: return 0, 0
18: â← OptionProgWiden(b, ĉ)
19: if |C(bâ)| ≤ ko N(bâ)αo

20: b′, r̃, c̃← GPF(m)(b,Action(â, b))
21: τ ← 1
22: while ¬Terminate(â, b′) ∧ (d− τ > 0)
23: b′, r, c← GPF(m)(b′,Action(â, b′))
24: r̃ ← r̃ + γτr
25: c̃← c̃ + γτc
26: τ ← τ + 1
27: C(bâ)← C(bâ) ∪ {(b′, r̃, c̃, τ)}
28: V′, C′ ← Rollout(b′, ĉ−c̃

γτ , d− τ)

29: else
30: b′, r̃, c̃, τ ← sample uniformly from C(bâ)
31: V′, C′ ← Simulate(b′, ĉ−c̃

γτ , d− τ)

32: V ← r̃ + γτV′

33: C← c̃ + γτC′

34: N(b)← N(b) + 1
35: N(bâ)← N(bâ) + 1
36: Q(bâ)← Q(bâ) + V−Q(bâ)

N(bâ)

37: QC(bâ)← QC(bâ) + C−QC(bâ)
N(bâ)

38: return V, C

Algorithm 5.2: Option selection using Constrained Options Belief Tree Search (CO-
BeTS)

TheCOBeTS option-selection procedure is outlined inAlgorithm5.2with changes
from CPFT-DPW highlighted in blue. The procedure is a recursive Monte Carlo tree
search on a particle filter belief-state b. In OptionProgWiden, option selection (lines
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13–14) is guided by a Lagrangian upper confidence bound heuristic that uses the
current estimate of the dual parameters to trade off between reward and constraint
objectives (line 4) and an exploration bonus based on visit counts. Dual parameters
are updated between searches through dual ascent (line 7), in which constraint
violations during search induce strengthening of the dual parameters and vice versa.

After selecting a search option (line 18), COBeTS imagines executing that option
until its termination, resulting in a semi-Markov belief transition (lines 20–27).
Option execution uses sampled low-level actions and observations to update the
m-state particle filter belief at every step (line 23) while tracking the discounted
rewards and costs accumulated along the option trajectory. New leaf nodes are
initialized with value estimates that can be generated from default policy rollouts
or heuristics (Rollout in line 28). The simulated reward and cost values are used
to make temporal difference updates and are then backpropagated (lines 32–38).

Searching across a large set of options or resulting transitions necessitates tech-
niques to limit the size of the tree. Progressive widening artificially limits the
branching factor of a node as a function of its visit count N(b), limiting the number
of children to |Ch(b)| ≈ kN(b)α, where k > 0 and α ∈ (0, 1) are hyperparameters
that control the shape of the widening [29], [61]. COBeTS implements progressive
widening on the option space (lines 9–14) and on the semi-Markov belief-state
transition space (line 19). Different option sampling strategies in SampleNextOption

can ensure coverage of the option space [62]. Since the transition distribution
T = p(b′, τ | b, â) is often continuous and uncountable, COBeTS benefits greatly
from progressive widening on its belief transitions for the same reasons as large
continuous POMDPs [61].

Hierarchical decomposition provides computational advantages that can be
estimated through the ratio in sizes between analogous CMDP and CSMDP search
trees. Consider searching across a belief-state CMDP with average action branching
of cardinality A and state transition branching with average cardinality O alongside
a belief-state CSMDP with action branching of average cardinality c1A, and state
transition branching with average cardinality c2O after an average of τ steps.

With a fixed time horizon T, searching over the CSMDP instead of the CMDP
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improves computational complexity by a factor of O((c1c2)
−T/τ(AO)T(τ−1)/τ), as

the ratio in the computational complexity can be expressed as the ratio of the tree
sizes:

CSMDP size
CMDP size = O

(
(c1c2AO)

T
τ

(AO)T

)
= O

(
(c1c2)

T
τ

(AO)
T(τ−1)

τ

)
. (5.1)

This ratio allows us to analyze the significant improvement in computational com-
plexity induced through a hierarchical decomposition. If our hierarchical decom-
position had the same action and observation branching factors (c1 = c2 = 1), it
would result in a tree that is smaller by a factor of (AO)

T(τ−1)
τ . This gives significant

leeway and allows us to, for example, compensate for designing a large number of
many-step options.

5.3.3 Maintaining Feasibility Anytime with Options

Though combining Lagrangian Monte Carlo Tree Search with dual ascent guides
search away from constraint violations in the limit, it does not guarantee anytime
constraint satisfaction. When executing a hierarchical controller, runtimemonitoring
can be used to ensure safety online by terminating options and replanning in case
of impending constraint violations. However, unsafe search could still lead to states
where safe replanning is not possible. In this section, we show that when options are
feasible when executed under an assigned budget for their decision epoch, COBeTS
can maintain global feasibility anytime. To show this, we first define local feasibility,
one-step global feasibility, and global feasibility.

Definition 1. An option âe chosen at decision epoch e in be is locally feasible given a
budget ĉe if Qπ

C(be, âe) ≤ ĉe.

Definition 2. An option âe chosen at decision epoch e in be is one-step globally feasible
if Ce−1 + Qπ

C,e(be, âe) ≤ ĉ, where Ce−1 = ∑e−1
e′=0 γte′ c̃e′ = ∑te−1

t=0 γtC(bt, at).

Definition 3. An algorithm or policy π is said to be globally feasible if Vπ
C(b0) ≤ ĉ.

Informally, a locally feasible option is guaranteed to satisfy a set cost budget
while it is in control, a one-step globally feasible option can be applied once and is
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guaranteed to satisfy the global budget, and global feasibility states that the original
constraints from Equation (4.2) are satisfied.

With these definitions, Proposition 2 below shows that for a CPOSMDP, if a
locally feasible option is chosen with a particular assignment of ĉe, then it ensures
that one-step is globally feasible.

Proposition 2. For policy π and locally feasible option âe at decision epoch e with accumu-
lated costs Ce−1, if ĉe = ĉ−Ce−1

γte ≥ 0 then âe is one-step globally feasible.

Proof. By definition of a locally feasible option and the choice of ĉe:

QC(be, âe) ≤ ĉe =
ĉ−Ce−1

γte

Ce−1 + γteE
[ ∞

∑
t=te

γt−teC(bt, at) | be, âe, π
]
≤ ĉ

Ce−1 + Qπ
C,e(be, âe) ≤ ĉ.

Thus, by Definition 2, âe is one-step globally feasible.

These results imply that COBeTS is globally feasible when its options are locally
feasible, that is, when they satisfy the budgets passed to SampleNextOption (line
11).

Proposition 3. COBeTS is globally feasible if all its options âe are locally feasible given
COBeTS assignments of ĉe ≥ 0 for all e.

Proof. By construction. Consider any decision epoch e. As given, consider any CO-
BeTS option âe. By definition of COBeTS, it assigns ĉe =

[
ĉ−Ce−1

γte

]+
≥ 0. By Proposi-

tion 2, it is one-step globally feasible. Since this is true for all e, COBeTS is globally
feasible.

5.4 Experiments

Our experiments consider online planning in four large safety-critical, partially
observable planning problems in order to empirically demonstrate the efficacy of
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COBeTS. We compare COBeTS against different non-hierarchical solvers on our
target domains, investigate its anytime properties, and show that it can yield better
plans even when the number of options far exceeds the number of underlying
actions.

We use Julia 1.9 and the POMDPs.jl framework for our experiments [174]. In the
following sections, we outline the CPOMDP target problems, briefly describe their
hierarchical decompositions, and discuss the main results from our experiments.
For full experimentation details, including CPOMDP modeling details, the precise
options crafted, and choices of hyperparameters, please refer to our code, which we
have open-sourced at github.com/sisl/COBTSExperiments.

5.4.1 CPOMDP Problems and Option Policies

We highlight the CPOMDP problem domains used in our experiments below,
whether their state, action, and observation spaces are (D)iscrete or (C)ontinu-
ous, and provide an overview of the types of options crafted for execution.

Constrained LightDark [168] (C, D, C)

In this one-dimensional robot localization problem adapted from LightDark [57],
[61], the robot must first safely localize itself before navigating to the goal. The
robot can move in discrete steps of A = {0,±1,±5,±10} in order to navigate to
s ∈ [−1, 1], take action 0, and receive +100 reward, but taking action 0 elsewhere
accrues a −100 reward. The robot accrues a per-step reward of −1. The agent starts
in the dark region, b0 = N (2, 22), and can navigate towards the light region at
s = 10 to help localize itself with less noisy observations. However, the robot must
avoid entering a constraint region above s = 12 where it will receive a per-step cost
of 1 and violate a budget of ĉ = 0.1. As such, taking the +10 action immediately
would violate the constraint in expectation.

We template four types of options for this problem. GoToGoal greedily navi-
gates the robot’s mean position to the goal and terminates. LocalizeFast greedily
navigates the robot’s mean position to the light region until the belief uncertainty
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is sufficiently small. LocalizeFromBelow adjusts the navigation technique for lo-
calization so that the robot’s mean position does not overshoot the light region.
LocalizeSafe uses the robot’s position uncertainty while localizing to minimize the
risk that the robot violates the constraint.

Constrained Spillpoint [168] (C, C, C)

This problem models safe geological carbon capture and sequestration around
uncertain subsurface geometries and properties. In the original POMDP [175],
instances of CO2 leaking through faults in the geometry are heavily penalized,
both for the presence of a leak and for the total amount leaked. The constrained
adaptation imposes a constraint of ĉ = 1× 10−6 to ensure minimal CO2 leakage.

The options for the spillpoint problem include InferGeology and SafeFill. The
InferGeology begins by injecting 90% of the CO2 volume of the lowest-volume
instance of the geology according to the current belief. Then, a sequence of ob-
servations of conducted which provides information on the shape of the geology
(these observations indicate the presence of CO2 at various spatial locations). The
InferGeology is templated so a variety of observation sequences can be selected.
The SafeFill option involves injecting 90% of the CO2 volume of the lowest-volume
instance of the geology according to the current belief and then terminating the
episode. The options (with five versions of InferGeology) were combined with the
standard set of five individual actions for a total of 11 options.

Constrained Bumper Roomba (C, D, D)

Roomba models a robot with an uncertain initial pose in a fixed environment as it
uses its sensors to navigate to a goal region while avoiding a penalty region [172].
In this work, we augment the problem to include a constraint region that the robot
must avoid traveling through as it navigates to the goal. States are defined by the
continuous pose of the robot on the map, actions allow the robot to turn or move
by discrete amounts, and while the robot does not have access to its true pose, in
Bumper Roomba, it receives a binary observation when it collides with a wall.
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Bumper Roomba crafts three types of options: TurnAndGo options turn the robot
a fixed amount then navigate until the robot collides with a wall, GreedyGoToGoal
greedily navigates to the goal using the robot’s mean pose, and SafeGoToGoal

navigates to the goal while imposing a barrier function around the constraint region.

Constrained Lidar Roomba (C, D, C)

This CPOMDP augments Constrained Bumper Roomba with a Lidar sensor that
noisily observes the distance to the nearest wall along the robot’s heading, with noise
proportional to the distance. Rather than using TurnAndGo options for localization,
Constrained Lidar Roomba implements Spin options that turn the robot for different
periods of time and with different turn radii to localize.

5.4.2 Experiments and Discussion

LightDark Spillpoint
Model V̂R V̂C [≤ 0.1] V̂R V̂C [≤ 10−6]

COBeTS 68.6±0.7 0.027±0.015 3.40±0.66 0.000±0.000

CPFT-DPW 5.9±7.7 0.000±0.000 1.50±0.39 0.000±0.000

CPOMCPOW −9.2±8.0 0.032±0.015 1.51±0.40 1.0 · 10−5±0.9·10−5

Bumper Roomba Lidar Roomba
Model V̂R V̂C [≤ 0.1] V̂R V̂C [≤ 0.1]

COBeTS 5.73±0.67 0.038±0.038 5.23±0.67 0.020±0.019

CPFT-DPW −4.76±0.00 0.036±0.036 −4.57±0.19 0.000±0.000

CPOMCPOW −3.76±0.42 0.000±0.000 −4.55±0.20 0.000±0.000

Table 5.1: Online CPOMDP algorithm demonstrations comparing mean discounted
cumulative rewards (V̂R) and costs (V̂C) across 100 LightDark simulations, 10 Spill-
point simulations, and 50 Bumper and Lidar Roomba simulations. COBeTS consis-
tently satisfies constraints while outperforming both the CPFT-DPW baseline and
the CPOMCPOW baseline.
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CPOMDP algorithm comparison

To evaluate COBeTS, we measure the mean discounted cumulative reward and cost
for different planning episodes on the aforementioned CPOMDP domains. We
benchmark COBeTS against the closest non-hierarchical online CPOMDP planning
algorithms, CPOMCPOW and CPFT-DPW [168], which perform Lagrangian MCTS
on the state spaces and belief-state spaces respectively. Table 5.1 summarizes the
performance of the algorithms on the different CPOMDP domains, averaged across
100 LightDark, 10 Spillpoint, and 50 Roomba simulations.

In summary, we see that COBeTS is able to significantly outperform against
baselines on all domains while satisfying cost constraints. In both Roomba problems,
baselines are unable to search deep enough to localize and get to the goal, and instead
meander while accruing step penalties to avoid the risk of violating the constraint.

Anytime constraint satisfaction

To highlight the anytime constraint satisfaction with COBeTS we vary the number
of search queries in the Constrained LightDark CPOMDP with the robot restricted
to GoToGoal and two different LocalizeSafe options, all of which are feasible from
the initial belief. The results averaged across 50 simulations are depicted in Fig-
ure 5.2. We see that even with low numbers of search queries, COBeTS satisfies
the constraints while achieving high reward, while CPFT-DPW only satisfies the
constraints as the number of queries is increased.

Searching over many options

Finally, we investigate the impact that the action branching factor has on search
quality in LightDark. We vary the branching factor in the COBeTS search by adding
options using different strategies. COBeTS-Unc. adds options that localize to dif-
ferent sampled uncertainties, while COBeTS-Random adds options that execute
three randomly selected non-terminal actions. The results, depicted in Figure 5.3,
show that COBeTS still finds quality plans with a significant number of options to
search over, much greater than the number of actions in the underlying problem
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(seven). These results support the analysis presented in Equation (5.1), that search
complexity reduction from hierarchical decomposition can compensate for increased
action branching.

5.5 Discussion

Safe robotic planning under state and transition uncertainty can be naturally ex-
pressed as a CPOMDP, but CPOMDPs are extremely difficult to solve in large
problem domains. Recent works scaled online search-based CPOMDP planning
to large spaces [135], [168], but with limited scope or expertly crafted heuristics.
In robotics, planning can often be favorably decomposed hierarchically, separating
high-level action primitives and low-level control. In this work, we introduced
Constrained Options Belief Tree Search (COBeTS) to improve online CPOMDP
planning when favorable hierarchies exist by performing a belief-state Monte Carlo
tree search over options. We showed that COBeTS with feasible options will satisfy
constraints anytime and demonstrated its success on large planning domains where
recent methods fail.

Limitations: A significant limitation of COBeTS is the necessity to craft low-level
policies. Recent work uses languagemodels to construct policies automatically [180]
and if combined with COBeTS, could enable hierarchical constrained search to
compensate for uncertainty in policy generation. A second limitation is that though
COBeTS biases the search toward safety, it requires feasible options in order to satisfy
constraints anytime. Future work can examine propagating cost bounds [134] or
using search heuristics generated from past experience [65], [66], [136] or natural
language priors [181] to achieve safety under more general conditions.

This chapter concludes the core contributions of this thesis. The next chapter
will summarize the themes presented in this thesis, reiterate our contributions, and
discuss possible directions for future work.
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Figure 5.2: Mean cumulative discounted rewards (above) and costs (below) vs.
number of tree queries across 50 Constrained LightDark simulations when using
COBeTS with feasible options. COBeTS stays safe anytime while CPFT-DPW only
satisfies constraints in the limit.



chapter 5. hierarchical constrained pomdp planning 86

5 10 15 20 25 30

−20

0

20

40

60

Action Branching Factor

M
ea

n
Re

w
ar
d
(V̂

R
)

COBeTS-Unc.
COBeTS-Random

CPFT-DPW
CPOMCPOW
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6 Conclusion

In this chapter, we conclude by overviewing themotivation andmain ideas discussed
in this thesis, summarizing our primary contributions, and recommending possible
directions for future work.

6.1 Summary

Autonomous systems promise to improve efficiency, augment human capabilities,
and advance scientific discovery. The ability to reason about environments and plan
sequences of decisions is a necessary pillar of autonomy. In complex environments,
safe autonomy often requires reasoning about the uncertainty that can arise from
environment dynamics and imperfect actuation (outcome uncertainty), incomplete
information (state uncertainty), and ambiguous objectives (objective uncertainty).
However, even with good models of uncertainty, guaranteeing safe plans is difficult.
To improve safe planning under uncertainty, our thesis investigated novel appli-
cations of constraints and hierarchies to different problem domains that exhibited
outcome, state, and/or objective uncertainty.

First, we investigated imitation learning methods that overcome outcome and
objective uncertainty by leveraging expert decision-making demonstration data. We
observed that in applications such as autonomous driving, experts demonstrate
low-level decisions, while autonomous systems plan hierarchically. As such, we
introduced a methodology that relied on low-level demonstrations, information
about safe low-level controllers, and an environment simulator in order to infer
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policies that imitate high-level decision-making. We built a simulator based on real-
world driving data in complex environments (roundabouts) to simulate driving
counterfactuals. We observed empirically that our method was able to improve
safety in these systems, especially in scenarios that were unobserved in the training
data.

In the remainder of the thesis, we investigated methods for planning online
given predictive models for outcome and state uncertainty. We modeled safety
using constraints, framing the safe planning under uncertainty using constrained
partially observableMarkov decision processes. First, we introduced algorithms that
use Monte Carlo tree search to plan online in continuous CPOMDPs by combining
progressive widening to limit tree width with dual ascent to satisfy constraints.
We showed that these algorithms can plan effectively on continuous CPOMDPs of
limited problem scope, including in a safety-critical carbon sequestration domain.
Next, we used hierarchical decomposition to scale online continuous CPOMDP
planning to even larger problem domains by searching over predefined macro-
actions (e.g. low-level control options) and sampling simulated resulting beliefs.
Notably, we were able to scale CPOMDP planning to continuous robotic localization
domains with safety constraints where non-hierarchical baselines failed to plan
successfully. We also showed that under the right conditions, hierarchical CPOMDP
planning enables anytime constraint satisfaction, a desirable property for planning
in safety-critical systems.

6.2 Contributions

Our main contributions are summarized below.
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A method for safety-aware imitation learning that scales to complex problem
domains.

In Chapter 3, we introduced Safety-aware Hierarchical Adversarial Imitation Learn-
ing (SHAIL) in order to learn how to choose high-level control policies (e.g. macro-
actions) that ultimately imitate low-level trajectory data. We build a roundabout
simulator using human driving demonstrations from the Interaction dataset to sim-
ulate driving in complex environments. We empirically compared the performance
of SHAIL against other popular imitation learning methods, demonstrating that it
can conveniently plug-and-play a safety layer to significantly improve performance
in scenarios not seen during training.

New methods for online planning in large constrained POMDPs.

In Chapter 4, we investigated the application of constraints to POMDP planning
in continuous domains. We formulated tree search algorithms that plan online by
sampling actions and outcomes to artificial limit tree branching and trend towards
constraint satisfaction through dual ascent. We demonstrated that given enough
planning time, our algorithms are able to satisfy constraints in large or continuous
planning problems, including a safety-critical carbon sequestration problem.

A method for scaling planning to even larger constrained POMDPs using hierar-
chies.

In Chapter 4, we investigated inducing a hierarchy in order to extend continuous
CPOMDP planning to even larger planning problems. We introduce a hierarchical
belief-tree search algorithm that was able to solve difficult planning algorithms
that our continuous CPOMDP algorithms could not. Importantly, we showed that
when low-level controllers can satisfy constraints assigned to them, that COBeTSis
guaranteed to satisfy constraints regardless of planning time. Finally, we showed that
the reduction in search tree size induced by hierarchical planning allows for search
over many more actions than in analogous non-hierarchical problems, motivating it
as a method to induce safety in automatically-generated control policies.
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6.3 Future Work

This thesis contributed methods for achieving runtime safety by imposing con-
straints and hierarchies when planning with principled frameworks for modeling
uncertainty. Below, following the themes of this thesis, we discuss areas where
answers to open questions could significantly improve safe runtime planning under
uncertainty in autonomous systems.

Generalization of data-driven decision-making

Chapter 3 discussed data-driven decision-making in autonomous driving, where
human demonstration data collected in different scenarios could inspire policy-
making in those scenarios. However, a large open question remains in how to
ensure that those inferred objectives and learned policies can transfer to entirely
different scenarios. One direction of future work addresses generalization through
foundation models for decision-making trained on large datasets of decisions in
different problems [182], for example, to perform robotic tasks across many embod-
iments [183]. As in other fields like natural language, decision-making foundation
models may enable fast inference of good decision similar to those seen in data.
Questions will remain on how to ensure that inferred or transferred policies are safe.

Open-loop planning in continuous CPOMDPs

Chapters 4 and 5 discussed methods to scale online closed-loop planning to large
POMDPs that imposed safety through constraints. However, in many continu-
ous problems, open-loop planning can often sufficiently approximate closed-loop
planning, which can be advantageous as open-loop planning also often provides
significant computational advantages. Future work could investigate open-loop
planning in continuous CPOMDPs by planning in continuous belief space and
imposing constraints using sequential convex programming.
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Reasoning about and planning under partial model uncertainty

In this thesis, we often planned while assuming accurate models of uncertainty.
However, in many real-world problems, models of uncertainty may be more or less
accurate depending on the preconditions. Explicitly reasoning over model accuracy
could improve plan safety at runtime, when model errors could skew safety in plans.
Future work could investigate safe planning while explicitly reasoning over accu-
racy about uncertainties, for example through constrained Bayesian reinforcement
learning [184] or model-lite planning [185].

Computation for closed-loop planning

Finally, many of the recent advancements in machine learning and control have
been facilitated by significant improvements in computational efficiency. Namely,
efficient implementations on graphical processing units have enabled significant
speedups in the inference of deep neural networks as well as the optimization of
open-loop trajectory plans. While many works already address parallelization in
closed-loop planning [64], [186], improvements would significantly scale our safe
planning capabilities.
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